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Introduction

Linear Equation
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Introduction
Linear System
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a Coefficients
x Unknowns
b Independent terms

Introduction

Matrix Form

a, ... oy, [ % b,
L YA b,
Ax =Db




MATRIX PROPERTIES

¢ Matrix Algebra:
— Matrix-Vector product: b=Ax

n

bi= E [ A m

=1

— Linear Mapping =+ Az

Alz+y) = Az + Ay

Alazx) = aAz

MATRIX PROPERTIES

— Columns @1,a2. ..., an of A

|
|
A= |:(ll}(l,2:"' an}

|
— Alternative view of matrix-vector product

n
b= Az = Z,r]aj =1 {(11} + x5 e {an}
j=1

— b is a linear combination of the columns of A

as

MATRIX PROPERTIES

— Matrix- matrix product B=AC

m

bij = E ikCrj
k=1

— Matrix-vector product for each column of C
— Transpose of a matrix AT changing rows by

columns (A+B) = AT + BT
(AB)" = BTAT
(AT =A

MATRIX PROPERTIES

a, ...

¢ Determinant:

—2x2 dim A, - A
B G =88, a8,

a?l a22
1 H H
— Principal minors:

MATRIX PROPERTIES

a, ... 4,

e Determinant:

—2x2 dim A, v aAn
&y 8y,
a?l a22

— Principal minors:

=88~ a5,8,

MATRIX PROPERTIES

a, ...

e Determinant:

—2x2 dim A, - aAn
&y 8,
a?l a22

— Principal minors: A

=88, a8,




MATRIX PROPERTIES

 Det. Properties: det(AB) = det@ )-deB

det(A™) = det@)
e Ais symmetriciff A" = A

MATRIX PROPERTIES

 Det. Properties: det(AB) = det@ )-deB
det(A") = det@)
e Ais symmetriciff A" = A

e Trace: Sum of the diagonal elements

I
M-
»

I
-

MATRIX PROPERTIES

¢ Rank: number of linear independent columns

— Maximum order of the nonvanishing determinant
extracted from A.

— A has full rank if rank(A)= min(m,n)
— column rank = row rank

MATRIX PROPERTIES

¢ Rank: number of linear independent columns

— Maximum order of the nonvanishing determinant
extracted from A.

— A has full rank if rank(A)= min(m,n)
— column rank = row rank
¢ Kernel: all solutions of Ax=0

rank + dim(Kernel) = m

MATRIX PROPERTIES

* Eigenvalues and Eigenvectors: AV =AV
— Directions preserved by A
— Deformation induced by A

MATRIX PROPERTIES

¢ Linear homogeneous system: '

(A-Ald)v=0

e >>eigshow

* Inverse of a matrix: (for square matrices)
AAT=1d
— If rank(A)=n (or det(A) # 0), A is invertible.
— If Ais not invertible is called singular




MATRIX PROPERTIES

* Inverse of a matrix: (for square matrices)
AAT=1d
— If rank(A)=n (or det(A) # 0), A is invertible.

— If Aiis not invertible is called singular
(ABY'=B"A"

(AT)—l - (A—l)T
e Aisorthogonal iff AT = Al

MATRIX NORMS

e \Vector norms: .

Izl = |l
i=1

m 1/2
<Z :z:i2> = Ve
i=1

ol = ma I

m l/Q
lallw = W], = (Z l')
i=1

[E4IP:

MATRIX NORMS

AX
* Induced matrix norms: IlA[F Suéﬁl

m
HAHl = max Z \flij\ “maximum column sum”
15720 £
n
14|l = l%l%)?‘;lz |aj| “maximum row sum”
j=1
Tt 1/2
Allr = (Z Z \ﬂi] \2> The Frobenius norm
i=1 j=1
[Allz = v/ Amax(A7A) More later

MATRIX NORMS

Quantity | MATLAB Syntax

llz||: sum(abs (x) ) ornorm(x, 1)

||z sgrt (x’ *x) ornorm (x)

HIHF sum(abs (x) ."p) .” (1/p) ornorm (x, p)
Her max (abs (x) ) ornorm(x, inf)

IAl max (sum(abs (A),1)) ornorm (A, 1)
1Az norm (A)

A s max (sum(abs (A),2)) ornorm (A, inf)
1AllF sart (A(:)’*A(:)) ornorm (A, ' fro’)

Special Matrices Types

¢ Diagonal and block diagonal:
— Nonzero entries only at the diagonal

a, Atl

7

A

Special Matrices Types

¢ Triangular Matrices:
— Lower triangular

|21 |22

|31 |32 l 33




Special Matrices Types

Special Matrices Types

¢ Triangular Matrices:
— Upper triangular

ull ulZ e e u.h
Up Uy o Uy
Uz -+ Uy

u

¢ Tridiagonal Matrices:

& B

& AN \\

Special Matrices Types

Special Matrices Types

¢ Hessemberg Matrices:

4 A
&

¢ Banded Matrices:

SOLVING LINEAR SYSTEMS

Special Matrices Types

* Sparse Matrix
Mainly zero elements

=

¢ Special data structures
— Compression '
— Efficiency

* >>sparsel

* DIRECT METHODS:

— Solution is obtained after a finite number of steps

* Gaussian Elimination, LU, Cholesky, QR, SVD
e ITERATIVE METHODS:

— Solution is obtained as successive approaches
* Jacobi, Gauss-Seidel, Conjugate Gradient




DIRECT METHODS

« Naifapproach: Ax=bO . x=A"D

DIRECT METHODS

« Naifapproach: Ax=bO . x=A"D
¢ Easy solutions .
— If A is Diagonal: x=D"b

—If Ais Orthogonal: X = ATb

DIRECT METHODS

« Naifapproach: Ax=bO . x=A"D
¢ Easy solutions

— If A is Diagonal: x=D"b

—If Ais Orthogonal: X = ATb

* Already Solved

|fA T | Uy Up o e Uy [ X1 bl
- IS Iriangular: Uy, Uy U,
Usg Uy =
u, A% ) b,

DIRECT METHODS

* Gaussian Elimination-LU

— Inverse matrix

— Determinant a, ..o A\ X b,
* Cholesky LT : D=l

* OR b
. VD Ay m J\ % h

Gaussian Elimination-LU

¢ Transform the original matrix to an easy form:

&, &, o 8y u, Up

y Ayp Ay vt Ay Up Uy oo
: . Ay v Ay, |m— Uy o
ahl e ann

Gaussian Elimination-LU

* Using a multiplier: |21:%
%
ah [au alz am]
1 1 1
< a,| |[0 &, ay - aYy

a?h = N N a33 e a:?1

aﬂn ahl e eee cee ahn




Gaussian Elimination-LU

. N !
e Using now multiplier:| 'a a,
1

a, - 4y a;; a;, - - 4,

1 1 1

Q 8y v Ay 0 Ay Ay Ay

: — 1 1

A3, ay |= [0 a3 aa]

ann aﬂl cee ann

Gaussian Elimination-LU

¢ Using now multiplier: IM:E
a,

a12 ah all a12 am

1 1 1

a'22 a'23 all a22 a23 aﬁ

— R 1 1

a33 a31 - . a33 am

a, e an,

Gaussian Elimination-LU

n-1
* Finally: Iyt = aahﬂ’l
a, 8, o s

al\
o al _
u={0 0 a, - a, Upper Triangular
a,

1

| 1 .

2 Lower Triangular
L={ly 1, 1

Gaussian Elimination-LU

¢ System solution from LU decomposition:
A=LU
Ax=b0O [ LUx=b
1.Ux=y
2.Ly=b
* Real Live: Permutations
— Troubles when pivot = 0

Gaussian Elimination-LU

* Row permutations:

a:ll 612 e e a]]

Gaussian Elimination-LU

e Row permutations as matrix product




Gaussian Elimination-LU Gaussian Elimination-LU
* Row permutations as matrix product Algorithm: Gaussian Elimination (no pivoting)
(1> 2 ° U=AL=1I
o ° o Do P PR p fork=1tom —1
' w0 Y forj=k+1tom
0 o0 ‘6 1 L= “jk/“kk
Uj ken = Uj kim — [—jkl’k,k:m
) PA=LU  Operation count
* Finally: Ax=b[ . LUx=P'b = . m.
1Ux=y Yore 2(m —k)(m—k) ~23"0 k? ~2m?/3
2.Ly=P'b
Gaussian Elimination-LU MATLAB-LU
Algorithm: Gaussian Elimination (partial pivoting) e prentle) .

A= . 09134 09649 0.1419 00357 03922 0.0462
. 0 08676 09006 09302 01293 08185

U=AL=1IP=T

08147 02785 09572 0.7922 06787 0.7060 0 0 1438 13846 04156 12141
o 09058 05469 0.4854 09595 07577 0.0318 o o 0 06204 0.2068 02789
fork=1tom —1 © 01270 09575 08003 06557 07431 02769 oo o o e o
09134 09649 0.1419 00357 03922 0.0462 o o o o 0 00953
A L . : .+ 06324 01576 04218 08491 06555 0.0971
Selecti > k to maximize ‘(’Jk‘ © 00975 05706 09157 09340 01712 08235
) »
Uk pom + Ui ko (interchange two rows) B )
. 000100
lek—1 < Linr—1 100000
. 100 0o 0 o 0 0 10000
Pr: < Pis .~ 01068 10000 0 0 0 0 001000
.+ 08920 -06711 10000 0 0 0 boo0o0 10
> .+ 09917 04726 05368 10000 O o
for ) = k+1ltom © 0139 09491 00517 0.2585 10000 0

06923 -0.5883 05947 08836 0.0470 1.0000

Uik = Ujne/ Ukk

Uj ko = Uj ke — [ijklfk.k:m
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MATLAB-LU Application: Inverse of a Matrix

b= >>y=L\P*b; * Inverse as n-linear systems:
x=U\y;
; A*x-b a; X1z 0
i ans = &y Ay Ay vt X X3 0
5 H DAy X33
6 1.0e-014 * : : : .
-0.7105 0 1
07772 & / ‘
0 ) [ [ 1 ) Y
0 A A Id
0.3553
0.7105

28/06/2010 Summer Course 53 28/06/2010 Summer Course




Application: Inverse of a Matrix

* Inverse as n-linear systems:

a, a, - o a, Xa 0
B &, Ay an © Xa 0
: 83 © oAy © Xy |F : :
Ay e e a, X 1
[ / / Y
A Id

Application: Inverse of a Matrix

¢ The cost is NOT n times a linear system:
— LU decomposition A=LU ONLY ONCE!!
— n times: solution of triangular systems

0

Ly= )
y qwhereq: 1

Ux=y .
0

Application: Determinant of a Matrix

e Determinant from LU decomposition:

From det(AB)=det(A)-det(B)
det(A)= det( )-dety )/deR F iﬂ U

DIRECT METHODS

¢ Cholesky
. QR
* SVD

LU: Cholesky Decomposition

e If Alis a symmetric positive definite matrix
iy A=A n,
(i) x"Ax>0 ‘
(all principal minors >=0)

¢ LU can be obtained withoutlpivoting :

DIRECT METHODS

A=R"-R Algorithm: Cholesky Factorization
R=A
* Cost fork =1tom
iig{m,]wiwwn‘: forj=k+1tom B
k=1 j=k+1 =i E Rjjim = Rjjum — RijmBrj/ Rix
Ripem = Ricjeom/ N/ R

. QR
* SVD

10



QR Decomposition

¢ Matrix A as a product of an Orthogonal matrix
and an upper triangular one.

a, a, - o a, Qu Qo v - Qo )T Fap oo oo "
By &y 8y 8y Go Oz Gos 0 G| 0 Ty Ty Mo
H H 8y v 8y | T : H O3z Qg ] H 0 1y o Ty
R - R R
ay o e a, Oy v o On )L O o - 0 r,
L ’ ]\ Y
Q' =Q" R

Matrix Decomposition-QR

¢ Solution “only” a triangular system
A=QR
Ax=bO @ QRx=b
Rx=Q'b

Matrix Decomposition-QR

¢ Appropriate for non-square systems

(overdetermined systems)

Matrix Decomposition-QR

¢ Householder Matrices:
— Orthogonal matrix

P=1d-2ww'
with [|w [E 1

— Pis symmetric
— No storage needed PX=X—2(W'x)w

— y=Px is obtained by the reflection of x by a plane
whose normal vector is w.

— Norm is preserved ” X “: ”y |

Matrix Decomposition-QR

¢ Householder Matrices:
— Idea: Change a general vector as PX = ke

ah
a22 a23 alm
: A3 : aeln
o .
— Achieve it by using the first column X=2a,
X- .
w=—X"K& i k =x"x

lIx-ke |

Matrix Decomposition-QR

¢ Householder Matrices:

ay, k &, ag ay,
& 0|k 3223 a;
PR : = of & - &
B [ olofa, - &
— The orthogonal matrix: _

g P,.P-A=R

— T

Q=(R.-R)

11



Matrix Decomposition-QR

¢ Application: Regression line (least square sol.)

r: ax+by+1=0 ax +by +1=0

X Y -1
X Y, :

DIRECT METHODS

* SVD

Singular Value Decomposition-SVD

* A=UDV' , with U, V orthogonals and D diagonal

AN

Y Y Y Y
mxn mxm mxn nxn

Singular Value Decomposition-SVD

¢ Solution from SVD:
A=UDV’
Ax=b0O . UDV'x=b
DV'x=U"b
V'x=D"Ub

e >>svd

Singular Value Decomposition-SVD

¢ rank(A) is the numberofai #0
* Norm ||A],=0,
* Decomposition A=) 0V

A=Ul[u1}( A )T+cx2 uz}( v, )T+.....+o{un}( v,

)T

Singular Value Decomposition-SVD

e For SVD we have Av=0u
* In general singular values eig(A'A)=g”

* If Ais symmetric o, = |4 |and eigenvectors are
the columns of V

* Forsquare A n

|detA)£ o

i=1

12



Singular Value Decomposition-SVD

e Stability: (A +JA)(x+Jx)=b+0Jb

e Condition number: 13X 1171 |

K=sup—— ——
_ [[OATITTIA ]
— Betterif K=1

—Ingeneral K< [|A HIA™ |

—Using Norm2 g :ﬂ

g

n

—>> Hilbert Matrix

Singular Value Decomposition-SVD

k
* Low rank approximation: A_ :Zcriui v
”A_AK ||2:0k+l =
e Compression: kx(m+n) instead of mxn

Rank 2

Origin:

Rank 1

Backslash in MATLAB

X:A\b for dense A performs these steps (stopping when successful):
1. If A is upper or lower triangular, solve by back/forward substitution

2. If A is permutation of triangular matrix, solve by permuted back

substitution (useful for [I,, U]l =1u (A) since L is permuted)

3. If A is symmetric/hermitian
— Check if all diagonal elements are positive

— Try Cholesky, if successful solve by back substitutions

4. If A is Hessenberg (upper triangular plus one subdiagonal), reduce to

upper triangular then solve by back substitution
5. If A is square, factorize PA = LU and solve by back substitutions

6. If A is not square, run Householder QR, solve least squares problem

Summer Course

GOOGLE RANK

¢ H has entries non-negative and the sum of
entries for each column is 1 are named

stochastic matrices. ’ f; 103 v

[

1 a o
. 1/ a 0o 0
¢ The final order ‘ 0o
(U]

coooo

1/2 1/3
0013130 0 1
00 130 0 1
00 131 13 0

correspond to vector
Hw=w

(eigenvector associated to eigenvalue=1)

http://www.ams.org/samplings/feature-column/fcarc-pagerank

0
0
0
1 0 ©
0
0
0
0

coocoo

GOOGLE RANK

Oriented Bounding Box (OBB)

[ 0.0600 ]
0.0675
0.0300
0.0675
Hw=w = W= o
0.2025
0.1800
0.2950

¢ Given a set of 3D points, how can we compute
their associated Oriented Bounding Box.
— Compute the centroid
— Compute the Covariance Matrix: C

Aligned BB Oriented BB

— Eigenvectors of C

—>>0BB

13



Oriented Bounding Box (OBB)

N

1
e Centroid: ™=FL® M=y M=

»—

5oa

i=1

=

N N
i=1 =
N

(

. N
¢ Local coordinates: (z.7.3)

By — Mg, Ui — My, 25— M)
N N N
- . s
i TiYi Tizi
i=1 i=1 i=1
1

= o =
* Principal Directions ¢~ % ;Wi ;“ ;Wl

e W N
Eigenvectors Y55 3
i=1 i=1

¢ Covariance Matrix:
— Cis symmetric

1!
Y

L 2B,

3B,

Regularization of a Mesh

* Numerical quality of a mesh depends on non-
degenerate triangles

* Move to the centroid
e Equilateral ‘best’

e~

Regularization of a Mesh

Matrix connectivity

. 3 L] s
0
0 5 10 15 20 25 30 35 40 0 01 02 03 04 05 06 07 08 09
nz=228

1

ITERATIVE METHODS

¢ Compute successive approximations of the
solution X, x® ... x™ that “hopefully”
converges to the real solution

e Appropriate for large systems (n>1000)

* Faster than direct methods Drect

b-Ax

¢ Less memory requirements

¢ Handle special structures
(sparsity)

Iterative

Residual r

w15 2
Iteration

ITERATIVE METHODS

¢ Stationary Methods: Finds a splitting of the
matrix A= M + K , with M invertible

and iterate

Ax=Db
(M +K)x=b
Mx=-Kx+b

‘ X0 = M Y(—Kx®) +b) = Rx®) +¢

X(k+lc)onverges iff p( R) <1
— Jacobi, Gauss-Seidel, Successive Overrelaxation (SOR)

ITERATIVE METHODS

¢ Krylov subspace methods: use only
multiplication by A (or A ) and find solutions in
the Krylov subspace generated by

b, Ab, A%, A, ..., A

— Conjugate Gradient (CG)
— Generalized Minimal Residual (GMRES)

14



STATIONARY METHODS

* Jacobi Method:
— Idea: to solve ith-unknown for the ith-equation

_1
10x +x,+x,=12 %7157 %*12)
+10x, + X, =12} =
A X, = = (-~ X, +12)
X +X,+10x,=12 10

1
X =10 (=%, +12)

STATIONARY METHODS

* Jacobi Method:
— Idea: to solve ith-unknown for the ith-equation

w1
10x + X, + X, =12 X = E(_xék) %2
X 10X + Xy =120 == ey :i(—xl(k) -x +12)
X +X,+10x, =12 10

1
(i) = Ly _ g0 419
X = (o - +12)

STATIONARY METHODS

¢ Jacobi: Split the original matrix A=M +K

STATIONARY METHODS

¢ Jacobi: Split the original matrix

a, a, - - a, 0 0 - . 0\ (a, 0a, -~ - a, a, a, - - a, 0 0 - . 0\ (a, 0a, -~ - a,
A, 8y v Ay [au 0o 0 : a, l 0 0 a, - aznl a, a, a ©oa, [au 0 0 : a, l 0 0 ay - &,
: ay Ay [Slay a;, 0 . i+ +Hi 0 0 - oay, : ©oay |=|ay a;, 0 . |+ +Hi 0 0 - oa,
: P : 0 o0 o L ! 0
a, R a, a, a,, 0 a, 0 - e 0 0 ay e oAy a, - v an, 0 a, 0 v e 0 0

A=A +A+A >>AL=tril(A,-1)

- - >>AU=triu(A,1)

M=A, K=A+A >>AD=diag(diag(A))

X = M (-Kx®) +b) = >>Xkp1=inv(AD)*(-(AL+AU)*Xk+b)

= A (~(A +A)X" +b)

STATIONARY METHODS STATIONARY METHODS

¢ Gauss-Seidel Method:

— Idea: to solve ith-unknown for the ith-equation
using the previous updated unknowns

1
(k+1) — _vk) _ k)
10)(1+X2+X3212 X _1_0( Xy =X +12)

X +10x, + X, = 12y = () — 1o () ®) 412
% =150 9-x +12)

X +X,+10x,=12
KD = 2 (KO- 2)

¢ Gauss-Seidel Method:

— Idea: to solve ith-unknown for the ith-equation
using the previous updated unknowns
1
(k+1) _ k) _ (k)
— =—(—x" =%’ +12
10x, + X, + X, =12 X Epe 7% )

X +10x, + X, =12 —»Xém) :%(__ X% +12)

X +X,+10x, =12
= L (D12

15



STATIONARY METHODS

¢ Gauss-Seidel: Split the original matrix

a, a, - - a, a, 0 - - 0 0a, - - a,
B 8 Ay v Ay |8y 8y, 0 I U S
Dol Ay e @y |T|ay ag, .o . i H[E 0 0 - oay,
N S 0
ay e e Ay a, o o Aps an 0 - e 0 0
A=A, +A
M=A,, K=A

XD = M (=Kx® +b) =

= Ay (A X" +b)

STATIONARY METHODS
¢ Gauss-Seidel: Split the original matrix
a, a, - - a, a, 0 - - 0 0a, - - a,
By 8y Ay v 8y Ay A, 0 00y e ay,
Dl Ay e @y |T|ay ag, . . i H[E 0 0 - oay,
R T I R S0
ay e e Ay a, o Apy an 0 - e 0 0

>>AL=tril(A,-1)

>>AU=triu(A,1)
>>AD=diag(diag(A))
>>Xkp1=inv(AD+AL)*(-AU*Xk+b)

STATIONARY METHODS

¢ Successive Overrelaxation Method (SOR): The
Gauss-Seidel step is extrapolated by a factor

e N L S R
where T is the Gauss-Seidel iterate.
¢ If =1 Gauss-Seidel
* If W>10verrrelaxation

o If W<1 Underrelaxation.

STATIONARY METHODS

* Convergence:
— If Ais strictly row diagonally dominant | g |> Z |aij |
Jacobi and G-S converges. 1]

— If Alis symmetric positive definite G-S and SOR
converges for 0< W< 2

— In general Wis hard to choose, if the spectral radius p(R;)
of the Jacobi iteration ma2trix then the optimal (W is

w:1+./1—p(RJ)

— G-S can be twice as fast as Jacobi

CONJUGATE GRADIENTS METHOD

¢ Krylov subspace method: Create the Krylov
subspace spanned by
K =<b, Ab, A’%b, A%,.....,. A >

and find solutions in this subspace.

¢ Only matrix-vector products involved

e For Symmetric Positive Definite matrices good
convergence properties.

CONJUGATE GRADIENTS METHOD

e Optimization Problem:

— Solving the system Ax—-b=0 is equivalent to
minimize the quadratic function: #(x) = 1 X Ax=x"b
2

— The minimization can be done by line searches
where @(X,) is minimized along search direction p,

16



CONJUGATE GRADIENTS METHOD

—The a,,,that minimizes o(X, +a,.,pP,)

is a,, = % with residual 1, =b— Ax_

P, AR,
— The residual is also the Gradient of ¢(Xn)
9'(x%) = Ax, —b=-r,

— Simple approach: set the search direction P, to
the negative gradient I,

CONJUGATE GRADIENTS METHOD

Algorithm: Steepest Descent
To=0,rg=0
fork=1,2.8,...
ap = rE_yrac) [T A1)

T = Tn—1 + QnPn—1

step length
approximate solution

Tp = Tne1 — OpApn_1 residual

— Corresponds to moving in the direction that @(x,)
changes the most

— Poor convergence, tends to move along previous
directions

CONJUGATE GRADIENTS METHOD

— The optimization procedure can be improved by
better search directions

— Let the search directions be A-conjugate: P Ap, =0
— Then the algorithm converges in at most n steps.

CONJUGATE GRADIENTS METHOD

Algorithm: Conjugate Gradients Method
dn = 0ite = b= 1g
fork=1,2,3;...

an = (rf_17n—1)/ (PF-1APn-1)

B =Zp— 17+ 0 Ppi1

step length
approximate solution
Ty = Pp=1 = nn.\pn,l residual

3 = (ri7) [ (ra_1Tn-1)

i = T+ BPr—i

improvement this step

search direction

¢ Only few storage vectors needed
* Finds the best solution in norm ||z|| 4 = V2T Az

PRECONDITIONING

The idea is to modify the initial system Ax=b

using a non-singular preconditioner matrix
M™Ax=M™b

Convergence properties based on M A

Trade-off between the cost of applying M ™

and the improvement of the convergence

properties.

Very usual:M =diag(A)

PRECONDITIONING

Algorithm: Preconditioned Conjugate Gradients Method
20 = 0,79 = b.pg = M 'rg, 20 = po
forn=1,2,3,...

an = (ri_120-1)/ (P21 Apn-1)
Tpn = Tp-1+ QWnPn-1

step length
approximate solution
Tn = Tp—1 — QnApn_1 residual

Zn =M1,

By = (rka )/t Zed)

Dn = Zn + BnPn1

preconditioning
improvement this step

search direction

17



