Enhanced Schema-Based Transformations forLogic Programs and their Opportunistic Usage inProgram Analysis and Optimisation* Wamberto W Vasconcelos**, Norbert E Fuchs Institut f�r Informatik Universit�t Z�rich Switzerland {vascon,fuchs}@ifi.unizh.chA program schema is a generic description of a program in a suitable language where its importantfeatures can be highlighted and irrelevant details disregarded. In this research note we introduce someenhancements made to the proposal of using program schemata to guide program transformations. Thesetransformations are syntactic alterations carried out in logic programs preserving the meaning of theinitial program and improving its execution. By allowing the reference to any argument position within apredicate and introducing extra facilities to address common constructs in a generic fashion a greaternumber of programs can be abstracted by the same schema. We also describe in this note a realistic contextto perform program transformations in which an opportunistic approach is taken during the analysis of aprogram: every possible way to improve it is attempted, either by examining each procedure in an isolatedfashion, or by checking for conjunctions within clauses that can be used as joint specifications.1IntroductionThe clean declarative semantics of logic programs hide many performance issues which must beaccounted for if the program is to be executed using the currently available technology. Theseefficiency issues can be dealt with either at an early stage, during the preparation of the program,or at a later stage, when a complete, possibly inefficient, logic program is analysed and itsinefficient constructs are detected and appropriately modified, yielding a program with a bettercomputational performance.If the first approach is taken and performance issues are to be considered during the preparationof the program then standard logic programming constructs, also named programming techniques,which guarantee a good computational behaviour to those logic programs incorporating them, canbe used. Prolog programming techniques have been extensively studied (e.g. [Bowles et al. 94],[O’Keefe 90], [Ross 89] and [Sterling & Shapiro 94]); some programming techniques have beenassigned names, such as accumulator pairs and difference lists, and are now part of the folklore ofthe logic programming community. It has been advocated that these standard practices should beexplicitly taught as part of a discipline of methodical logic programming development[Kirschenbaum et al. 94; Sterling & Kirschenbaum 91] and logic programming environments havebeen implemented (e.g. [Bowles et al. 94] and [Robertson 91]) incorporating them.The second approach addresses efficiency issues after the program has been devised, trying tooptimise the existing code. This involves the analysis and subsequent transformation of a given,possibly inefficient, logic program into an equivalent version with better computational behaviour.The analysis and transformation tasks should be as automated as possible, thus relieving logicprogrammers from the extra burden of worrying about performance issues. An underlying

* This work was carried out within the European Human Capital and Mobility Scheme (contract No. CHRX-CT 93-00414/BBW 93.0268) while thefirst author was visiting the Institut f�r Informatik, Universit�t Z�rich.** PhD Student, Department of Artificial Intelligence, University of Edinburgh, Scotland, U.K., sponsored by the Brazilian National ResearchCouncil (CNPq), Grant No. 201340/91-7, while on leave of absence from UECE/Cear�, Brazil.

2assumption of this approach is that commonly occurring but computationally inefficientconstructs in logic programs can be identified and eliminated.A third option combines both previous approaches: individual procedures1 are devised usingprogramming techniques and their interrelations are, whenever possible, improved by a programtransformation system.The work presented here fits into the second line of research above: we propose an approach toexamining a given logic program and detecting opportunities to improve its computationalefficiency. We have adopted the syntax of Edinburgh’s Prolog [Clocksin & Mellish 87] and itsexecution model based on SLDNF-resolution [Lloyd 93]. Readers are, however, encouraged toenvisage the generality and adaptability of the concepts presented here.Our proposal consists of analysing a given Prolog program searching for opportunities to improveit. These opportunities are generic descriptions of commonly occurring inefficient programmingconstructs and how they should be changed in order to confer a better computational behaviourto the program. In order to describe these programming constructs we employ a schema language.Changes to program constructs are depicted by means of schema-based transformations. A schema-based transformation consists of an inefficient Prolog programming construct and a sequence ofprescribed modifications that would provide the construct with a better computationalperformance. A given Prolog program is scanned and its constructs are matched against thedescription of inefficient constructs of the schema-based transformations: if the matching occursthen the prescribed improvements are made and other opportunities in the program are furthersearched for. Each transformation must be formulated so as to describe Prolog constructs in aneconomic yet general fashion. We suggest an enhanced version of Gegg-Harrison’s programschemata [Gegg-Harrison 89; Gegg-Harrison 91] for this purpose, following the proposal by Fuchsand Fromherz [Fuchs & Fromherz 91]. A program schema is an abstract description of a class ofprograms in which important aspects are highlighted and irrelevant details are disregarded.In the next section we explain program schemata in more detail. In Section 3 we describe howprogram schemata have been used to guide program transformations; in Section 4 we show howthey can be given more expressiveness by a simple notational enhancement and discuss thecomputational costs of such enhancements. In Section 5 we explain a realistic scenario in whichthe enhanced schema-based transformations can be used to analyse and improve thecomputational performance of a program. In Section 6 we describe our approach to deal withthose situations when more than one program transformation can be used at one time. In Section7 we draw some conclusions and show directions for future research.2Program SchemataA program schema is a generic description of a program, or of a class of programs, in a suitableHorn-clause notation. Gegg-Harrison [Gegg-Harrison 89; Gegg-Harrison 91] proposed such anotation for Prolog programs and this has been adopted in our work, with some additionalfeatures explained below. The language of Gegg-Harrison’s schemata allows the convenientexpression of many Prolog programming constructs. Let there be the following schemaschema_A([],Ç&1È).schema_A([Head|Tail],Ç&2È):-Üpre_process(Ç&3È,Head,Ç&4È),Ýschema_A(Tail,Ç&5È)Ü,post_process(Ç&6È,Head,Ç&7È)Ý.where the single angle brackets "ÜÉÝ" represent optional constructs, the constructs "Ç&nÈ", calledschema variables, stand for possibly empty sequence of arguments the details of which are not

1We shall employ Deville’s [Deville 90] definition of a logic procedure or simply procedure as the non-empty sequence of programclauses with the same predicate p/n (predicate symbol p with number of arguments n) in the head of each of these clauses.

3relevant to characterise the form of the program. The schema above represents those programswhose first argument is a list and all its elements are recursively manipulated.Although schema_A above economically describes a number of well-known programs such asappend/3, length/2, and so on, it poses the unnecessary restriction of having the list argumentalways in the first parameter position of the predicate. A straightforward enhancement can beachieved by inserting schema variables before the list argument being focused upon, that isschema_A*(Ç&1È,[],Ç&2È).schema_A*(Ç&3È,[Head|Tail],Ç&4È):-Üpre_process(Ç&5È,Head,Ç&6È),Ýschema_A*(Ç&7È,Tail,Ç&8È)Ü,post_process(Ç&9È,Head,Ç&10È)Ý.However, a problem is introduced here: Gegg-Harrison’s notational conventions are such that noconstraints are imposed on the schema variables and hence it is not clear in the schema above ifthe same argument position is being uniformly addressed throughout the schema. In order to makesure that the same argument position containing a list is being considered in both clauses and inboth the head goal and recursive call of the second clause, an extra notational device must beused to ensure that the size of the sequences of arguments Ç&1È, Ç&3È and Ç&7È is the same.This is one of the enhancements to Gegg-Harrison’s schema language proposed in this paper andexplained below.3Schema-Based Transformations of Logic ProgramsProposals for logic program transformation, such as [Lakhotia & Sterling 90], [Nielson & Nielson90], [Pereira & Shieber 87] and [Proietti & Pettorossi 90], based on unfold/fold rules [Tamaki &Sato 84], all require human intervention at some point during the transformation process. Theextent to which the human participation affects the performance of the program transformationvaries according to each proposal, but they all share the common feature of performing onlylocalised changes without a broader picture of the problem. The nature of the human interventionin these approaches requires much insight on specific features of the program and characteristicsof the fold/unfold transformations.Fuchs and Fromherz [Fuchs & Fromherz 91] have proposed the notion of schema-based programtransformations, in which Gegg-Harrison’s program schemata are used to characterise an actualcontext whereby efficiency-improving alterations can be performed. The transformations depictcommonly occurring but inefficient Prolog constructs in an abstract manner, and prescribe theway they should be changed in order to confer a better computational performance on theprogram. These are concrete situations, described in a generic but complete fashion, to performlogic program transformations.Schema-based transformations are standard syntactic manipulations of portions of a givenprogram. In these transformations the program schemata depict both input programs and theirimproved output versions. The changes prescribed by the transformation comprise a completesequence of transformation steps, involving the definition of new predicates (eureka rules), theorder and choice of literals to apply unfold/fold rules, change of subgoals order, and any otherrelevant changes to the program in question. Schema-based transformations can thus be seen as aform of representation of knowledge about logic programs and how they sometimes can bechanged to achieve a better computational behaviour. More formally, a schema-basedtransformation T is a quadruple of the form Æ �G1,�,Gn�, �S1,�,Sn�, �H1,�,Hm�, �T1,�,Tm� æwhere �G1,�,Gn� and �H1,�,Hm� are conjunctions of subgoals, and �S1,�,Sn� and �T1,�,Tm� arerespectively input and output program schemata. Such formalisation is to be understood as�given the conjunction G1,�,Gn, such that their definitions are respectively S1,�,Sn, then G1,�,Gncan be replaced by H1,�,Hm such that their definitions are respectively T1,�,Tm �. The conjunction

4G1,É,Gn provides the context in which the transformation can take place; S1,É,Sn and T1,É,Tm aresequences of program schemata, describing, in an abstract fashion, the form the input and outputprograms should have.Given a schema-based transformation T of the form above, the context of its successfulapplication is a Prolog program P with a clause C of the formA :-

A0, B1, �, Bn,

A1where Bj, j ‡ 1, are non-recursive subgoals, Bj being a call to procedure Pj in P,

A0 and

A1 are(possibly empty) finite sequences of subgoals not relevant to the analysis, and there is a schemasubstitution Q associating concrete values with the schema variables such that Gj Q = Bj and Sj Q =Pj. In Appendix A we describe a means to obtain schema substitutions for our proposedenhanced schemata.Example 1: Let there be the following programsum([],0).sum([X|Xs],S):-sum(Xs,SXs),S is X + SXs.count([],0).count([X|Xs],C):-count(Xs,CXs),C is 1 + CXs.p(L,S,C):- sum(L,S),count(L,C).The same list structure is being processed twice in the body of predicate p/3, an example ofinefficient design choice due to the reuse of existing code. This situation is quite common and canbe depicted using program schemata, together with a prescribed way to improve it, all within thefollowing schema-based transformation, a1: Æ � S1(L,˙&1¨), S2(L,˙&2¨) �, � S1([],˙&11¨):- {process11}S1([X|Xs],˙&12¨):- {process12} S1(Xs,˙&13¨), {process13} , S2([],˙&21¨):- {process21}S2([Y|Ys],˙&22¨):- {process22} S2(Ys,˙&23¨), {process23} �, � S1_S2_a1(L,˙&1¨,˙&2¨) �, � S1_S2_a1([],˙&11¨,˙&21¨):- {process11}, {process21}S1_S2_a1([X|Xs],˙&12¨,˙&22¨):- {process12}, {process22}, S1_S2_a1(Xs,˙&13¨,˙&23¨), {process13}, {process23} � æPredicate variable symbols S1 and S2 abstract the actual predicate names of the input schemataand provide the name of the new, more efficient, combined predicate. A suffix a1 is attached tothe name of the new predicate, indicating the name of the transformation used.The body of predicate p/3 matches this transformation, with the following schema substitution Q, { S1/sum, ˙&1¨/{S}, S2/count, ˙&2¨/{C}, ˙&11¨/{0}, {process11}/true, ˙&21¨/{0}, {process21}/true, X/X, Xs/Xs, ˙&12¨/{S}, {process12}/true, ˙&13¨/{SXs}, {process13}/{S is X + SXs}, Y/X, Ys/Xs, ˙&22¨/{C}, {process22}/true, ˙&23¨/{CXs}, {process23}/{C is 1 + CXs} }This means that the transformation above is successfully matched by the conjunction comprisingthe body of p/3, since the definitions of sum/2 and count/2 fit in its input schemata. The followingmore efficient program can be obtained by the appropriate application of this transformation tothe program above:

5p(L,S,C):- sum_count_a1(L,S,C).sum_count_a1([],0,0).sum_count_a1([X|Xs],S,C):-sum_count_a1(Xs,SXs,CXs),S is X + SXs,C is 1 + CXs.where the list is now processed only once in p/3 while its elements are being summed and countedat the same time. The schema-based transformation is used by having first the definition of thepredicates sum/2 and count/2 matched against the input schemata. This matching, if successful,automatically assigns the appropriate values to the abstract constructs of the output schema,thus defining the new predicate sum_count_a1/3.Schema-based transformations greatly reduce and simplify human intervention in the process ofprogram analysis and conversion. User interaction, if needed, is not at a level of complicatedunfold/fold rules, but at the level of the structure of the procedure being considered, depicted ina simple fashion by a schema. Sets of transformations can be gradually composed, addressinggeneric or more specific program constructions.We propose below a number of enhancements to Gegg-Harrison’s schema language, enabling largerclasses of programs to be addressed and, hence, more powerful program transformations to bedevised.4Enhanced Schema-Based TransformationsSimple enhancements can be made to the schema language, giving it more expressiveness. Programtransformations can be devised using this enhanced schema-language addressing constructswhich are beyond the scope of the work by Fuchs and Fromherz.Example 2: Let there be the following programsum([],0).sum([X|Xs],S):-sum(Xs,SXs),S is X + SXs.dcount(0,[]).dcount(C,[X|Xs]):-dcount(CXs,Xs),C is 1 + CXs.p(L,S,C):- sum(L,S),dcount(C,L).which is very similar to the previous example, were it not for the unusual definition of thedcount/2 predicate to count the elements of a list, with the inversion of the conventional argumentorder. A more elaborate schema-based program transformation system which accounted fordifferent argument positions would have to be employed if we were to obtain the followingcombined version of sum_dcount/3:sum_dcount(0,[],0).sum_dcount(C,[X|Xs],S):-sum_dcount(CXs,Xs,SXs),S is X + SXs,C is 1 + CXs.We have enhanced the schema language to allow the reference to argument positions other thanthe first ones. This enables the program schemata to account for different argument positionssharing the same values, thus allowing program transformations of the form above to besuccessfully performed. Extra computational costs are, of course, involved in this moreexpressive proposal and are discussed below.

64.1Explicit Representation of Argument PositionsA notational device must be employed to enable the proper reference of specific argumentpositions. We suggest that a number depicting its position be added to each argument. Theschema_A* shown previously, incorporating this enhancement, isschema_A*(Ç&1È,[]#N,Ç&2È).schema_A*(Ç&3È,[Head|Tail]#N,Ç&4È):-<pre_process(Ç&5È,Head#M,Ç&6È),>schema_A*(Ç&7È,Tail#N,Ç&8È)<,post_process(Ç&9È,Head#P,Ç&10È)>.That is, the list argument occupies position N, and it is such that its references in the head goal ofthe first clause and in the head and recursive goals of the second clause are all to the sameargument position. The argument positions of variable Head in the other subgoals are not subjectto any constraint and may thus bear any value.In order to match actual programs against these enhanced schemata a simple translation must beperformed. This translation maps a predicate definition onto an equivalent version in which theargument positions of each subgoal are explicitly represented by the construct "#N ", where N isthe argument position. More formally, the following relationship, describing a generic subgoal andits representation with explicit argument positions holds:p(t1, É, tn) � p(t1#1, �, tn#n)A predicate such as dcount/2, using the above relationship, would be thus represented asdcount(0#1,[]#2).dcount(C#1,[X|Xs]#2):-dcount(CXs#1,Xs#2),C#1 is (1 + CXs)#2.The translation back to its original argument-position-free form must ensure that subgoalsemploying the pre-defined is predicate preserve their original form and that the "#N" constructsare not considered as part of the original mathematical expression. In Appendix A we formallydescribe the mapping between a conventional program and its explicit argument position format.4.2Enhanced Program Schemata: Syntax and SemanticsA number of notational shorthands are available during the preparation of schemata. Theseschemata are generic descriptions of programs and their components are aimed at addressingportions of predicate definitions in an economical manner, allowing irrelevant details to bedisregarded and important parts to be brought into focus. The notation should provide us withthe necessary elements to allow the description of large classes of constructs sharing particularfeatures, ignoring unimportant variations. The following notational shorthands are offered: t#n — represents the constraint that term t occupies position n in the subgoal. {goalsn} — represents a possibly empty sequence of non-recursive subgoals; we have adoptedthe more neutral terminology �goals� instead of �process�. {goals*n} — represents a possibly empty sequence of any sort of subgoals. &n — stands for a possibly empty sequence of arguments. x#1 is ’F’(&n,y,&m)#2 — represents a Prolog is subgoal in our explicit argumentposition format, such that the expression on the right-hand side has at least one reference tothe variable symbol y. All references to y are economically represented by a single occurrenceof its symbol.A formal description of the schema language is presented in Appendix A. Within programschemata ordinary Prolog constructs can be used, in which case they are considered asconstraints, since they are specific syntactic patterns. Second-order predicate variables are alsoavailable so as to enable generic reference to subgoals. One can envisage a spectrum in whichlarger classes of programs can be depicted with more abstract schemata: at one end of this

7spectrum, an actual Prolog program is a very specific schema describing those programs withexactly the same form, but possibly different variable names. At the other extreme, a schema canbe produced which, for instance, stands for all singly-recursive logic programs:S(&1):-{goals1}S(&2):-{goals2},S(&3),{goals3}The previous program transformation a1 can be reformulated, using our proposed enhancements,as the following transformation a1*: Æ � S1(&1,L#N,&2), S2(&3,L#M,&4)�, � S1(&111,[]#N,&112):- {goals111}S1(&121,[X|Xs]#N,&122):- {goals121}, S1(&123,Xs#N,&124), {goals122}, S2(&211,[]#M,&212):- {goals211}S2(&221,[Y|Ys]#M,&222):- {goals221}, S2(&223,Ys#M,&224), {goals222} �, � S1_S2_a1(&1,&3,L#_,&2,&4)�, � S1_S2_a1(&111,&211,[]#_,&112,&212):- {goals111}, {goals211}S1_S2_a1(&121,&221,[X|Xs]#_,&122,&222):- {goals121}, {goals211}, S1_S2_a1(&123,&223,Xs#_,&124,&224), {goals122}, {goals222} � æThis transformation covers both previous examples, successfully transforming the programs intoa more efficient version. The resulting procedure is such that its argument positions are notimportant (underscore symbols have been used as argument positions) since they will betranslated back into a conventional logic program form without the explicit argument positions.As another example, let there be the following program transformation a2*: Æ � S(&1,L#N,&2,R#M,&3) �, � S(&11,[]#N,&12,I#M,&13):- {goals11}S(&21,[X|Xs]#N,&22,Ac#M,&23):- {goals21}, S(&24,Xs#N,&25,Ac1#M,&26), {goals22}, Ac#1 is ’F’(&27,Ac1,&28)#2, {goals23} �, � S_a2(&1,L#N,&2,I#_,R#_,&3) �, � S_a2(&11,[]#N,&12,NAc#_,NAc#_,&13):- {goals11}S_a2(&21,[X|Xs]#N,&22,TAc#_,Ac#_,&23):- {goals21}, NAc#1 is ’F’(&27,TAc,&28)#2, S_a2(&24,Xs#N,&25,NAc1#_,Ac#_,&26), {goals22}, {goals23} � æIt transforms a class of non-tail-recursive programs into more efficient tail-recursive versions, byintroducing an accumulator. The version of the count/2 predicate of Example 1, with its explicitargument positions, matches the input schema with the following substitution: { S/count, &11/fl,N/1,&12/fl,I/0,M/2,&13/fl,{goals11}/true,&21/fl,&22/fl,Ac/C,&23/fl, &24/fl,&25/fl,&26/fl,{goals21}/fl,Ac1/CXs,{goals22}/fl,&27/[1,+],&28/fl,{goals23}/fl }These instantiations define the new transformed program, which, after the removal of the emptyargument- and subgoal vectors and the explicit argument positions, has the following form

8count_a2([],NAc,NAc).count_a2([X|Xs],TAc,C):-NAc is 1 + TAc,count_a2(Xs,NAc,C).The schema language has been further extended by allowing the abstract description of functorsand their arguments and the abstract description of constants and system predicates which serveas tests. Constants are generically denoted as ct(n) where n works as an index to differentiateamong distinct constants in the same schema. Prolog tests, viz. the arithmetic comparators >, <,>=, etc., and integer/1, ground/1, number/1, etc., are generically denoted by ’Tn’ where n works asan index and may be omitted. Using these additional shorthands even larger classes of programscan be depicted by simple schemata. For instance, the schema below depicts the class ofprograms dealing with data structures in a singly-recursive fashion, such that its terminationoccurs when a constant is found or when a special condition is met by part of the data structure:S(&11,ct(_)#N,&12):-{goals11}S(&21,F(&22,X,&23)#N,&24):-{goals21}’T’(&25,X#_,&26),{goals22}S(&31,F(&32,Xs,&33)#N,&34):-{goals31}S(&35,Xs#N,&36),{goals32}We have also incorporated in our schema language a facility to unify two terms: the constructunify(t1, t2) unifies the terms t1 and t2 within the clause in which they appear. This construct isimportant to program transformations in which explicit instantiations are removed or theunfolding of a procedure takes place. For instance, the following schema-based transformationappropriately unfolds a procedure with a single clause onto its invocation: Æ � S(&1)�, � S(&2):- {goals} �, � unify(&1,&2),{goals} �, ˘ æthat is, a call S(&1) to procedure S can be replaced by the body {goals} of the single clausecomprising S, once the values of the arguments &1 of the call have been unified with thosearguments &2 in the head goal of procedure S. A repertoire of schema-based programtransformations is shown in Appendix B. These are the transformations currently available in ourimplemented system, but other components can be added on to them.4.3Computational Complexity of Enhanced Program SchemataThe feasibility of our proposal to employ enhanced schema-based transformations depends onthe computational complexity involved in matching an actual program to a schema. It turns outthat this complexity is a polynomial function on a number of parameters, such as the number ofvariables in the program, the number of schema variables and so on.Let there be a procedure P in its explicit argument position version, comprised of clauses C1, �, Cneach of which of the general formp(x1#1,�, xr#r):-p1(x[1, 1]#1,�, x[r1, 1]#r1),...ps(x[1, s]#1,�, x[rs, s]#rs).where p and pi are generic predicate symbols (recursive or not). Let us also assume the existenceof a schema S with clauses D1, �, Dn each of which of the general form

9Q(&v1, y1#z1, &v2,É, &vt, yt#zt, &vt + 1):-{goals1},Q1(&v[1, 1], y[1, 1]#z[1, 1], &v[2, 1],É, &v[t1, 1], y[t1, 1]#z[t1, 1], &v[t1 + 1, 1]),{goals2}, . . .{goalsu},Qu(&v[1, u], y[1, u]#z[1, u], &v[2, u],É, &v[t1, u], y[tu, u]#z[tu, u], &v[tu + 1, u]),{goalsu+1}.where Q and Qi are generic predicate variable symbols (recursive or not). The number of possiblematches between an actual subgoal in a clause Ci of the program and a clause Di of the schema isa function of the variables and slots contained in each construct. For instance, for a schemasubgoal with two variable slots and three schema variables,Q(&v1, y1#z1, &v2, y2#z2, &v3)we have that a subgoal p(x1#1, x2#2) with two variables has only one possible matching,Q &v1 y1#z1 &v2 y2#z2 &v3--------------------------------------------------------------------------------------------------------p fl x1#1 fl x2#2 flwhereas p(x1#1, x2#2, x3#3) with three variables has, in its turn, three different possibilities,Q & v1 y1# z1 & v2 y2# z2 & v3 ------------------------------------------------------------------------------------------------------- p fl x1# 1 fl x2# 2 x3# 3 p fl x1# 1 x2# 2 x3# 3 fl p x1# 1 x2# 2 fl x3# 3 flThe number of possible matchings between the concrete subgoal pi and the schema subgoal Qj,denoted by m[pi, Qj], corresponds to the different possibilities of fitting the existing variables of piinto the variable slots of Qj. This can be depicted as the summation r - t + 1m [pi, Qj] = � i = (r — t + 1) (r — t + 2)/2 = (r2 + t2 — 2 rt + 3r — 3t + 2)/2 i = 1where r and t are respectively the number of variable symbols of pi and the number of variableslots of Qj. The {goalsm} slots also contribute to the number of possible matchings of a clauseCi in P and a clause Di in S and must be taken into account: in a rather similar fashion as theprevious equation, their possible matchings mgoals can be summarised by the equation (u + 1) - s + 1 mgoals = � i = ((u + 1) — s + 1) ((u + 1) — s + 2)/2 = (u2 + s2 — 2us + 5u — 5s + 6)/2 i = 1where u + 1 is the number of {goalsm} slots of Di and s is the number of subgoals in Ci. If weassume that all the predicate and schema clauses have the same number of subgoals and subgoalslots, respectively s and u + 1, and that their subgoals have the same number r and t of variablesymbols and variable slots in each clause, then we have the situation that the number of possiblematchings between one clause Ci of P and one clause D i of S, m [Ci, Di], is the product of thematchings m[pi, Qi] of each subgoal times the number s + 1 of subgoals in P, times the number ofpossible matchings between the subgoals in P and subgoals slots in S, that is,m[C, D] = m[pi, Qi] (s + 1) mgoalsIf we replace the equations above in it we havem[C, D] = (r2 + t2 — 2 rt + 3r — 3t + 2) (s + 1) (u2 + s2 — 2us + 5u — 5s + 6)/4

10Finally, the total matchings m[P, S] between P and S would also have to account for the number ofclauses n of P and S, that is,m[P, S] = n m[C, D] = n (r2 + t2 — 2 rt + 3r — 3t + 2) (s + 1) (u2 + s2 — 2us + 5u — 5s + 6)/4This final equation is such that the number of possible matchings between a given program and aschema is of polynomial magnitude: if we choose any of the variables above as the focus of anumerical analysis and assign arbitrarily high values to the other variables, a polynomial equationwill always be obtained.The interesting feature of the enhanced schema language that is responsible for their polynomial(and not exponential) number of matchings is that permutations of constructs cannot beexpressed. This might seem a negative property in that the expressiveness of our schema languagedoes not account for simple changes in the ordering of arguments or subgoals, but this problemcan easily be circumvented by adding different schemata for different orderings.The analysis above has been carried out considering the worst case of the matching process, inwhich no syntactic constraints have been imposed and only predicate variables and subgoal slotsare found in the schema. In practical applications, however, general constructs are interspersedwith specific syntactic constraints thus reducing the number of possible matchings to beconsidered.In our approach, only the first successful match between a schema and a procedure is actuallyused in the transformation process. If there is a constraint in the schema such that every partialmatch has to be tried before the final complete match is obtained, then this will require apolynomial number of attempts.5An Opportunistic Approach for Improving the Efficiency of PrologProgramsOur suggested approach consists of analysing a given program P, searching for opportunities toemploy the repertoire of schema-based transformations. This is a realistic scenario in which aprogram is analysed with respect to a set of transformations suggesting improvements to commoninefficient Prolog constructs. There are two possible ways to use our transformations:¥By checking if a procedure P ˝ P can have a transformation applied to it; or¥By checking if a conjunction G1, �, Gn appearing in the body of some clause C ˛ P can havea transformation applied to it.Both alternatives are pursued during the analysis of the program. An extended program P’ iseventually obtained such that if P � G then P’ � G, where "�" is the logical implication symbol.We can say that P’ subsumes P in the sense that the answers to queries posed in the latter are stillobtainable in the former; however, since new procedures are introduced in P’, some queries can beposed to P’ (and their answers would be appropriately obtained) which do not apply to P.5.1Transforming Isolated ProceduresAn isolated procedure P is analysed for possible improvements by being checked against theinput schema S of some transformation T. Obviously, only those transformations with a singleinput schema should be considered here.Let T = Æ�G�,�S �,�H�,�T�æ be an enhanced schema-based transformation such that SQ = P, for someprocedure P, P ˝ P, and P’, TQ = P’, the recommended transformed version of P. This can beunderstood as the transformation suggesting improvements to be made to those procedures Pmatching the input schema S , or, alternatively, as a suggestion for the replacement of thoseprocedures P by the procedure P’ obtained after applying the substitution Q to the outputschema. However, in order to carry out this replacement and properly extend P, an additional

11clause must be introduced making the connection between the old procedure P to be removed andthe newly obtained procedure P’ to be inserted. This additional clause will guarantee that queriesposed to the new program P’ concerning the removed procedure P be appropriately translatedinto queries concerning P’.Let I be the head goal of the clauses comprising P with fresh, uninstantiated variables, and I’ thehead goal of those clauses comprising P’ also with fresh, uninstantiated variables. The conversionclause C[P, P’] between P and P’, of the form I:- I’, is such that GQ* = I, and HQ* = I’ for someextension Q* of substitution Q. The final transformed program P’ can be obtained as the result ofthe following set operationP’ = ( P — P ) ¨ P’ ¨ {C[P, P’] }Conversion clauses can be seen as initialisation calls [O’Keefe 90; Sterling & Shapiro 94] in whichvalues are initially assigned to argument positions of a predicate being invoked.Example 3: Let there be a program P consisting solely of procedure count/2, shown in example 1above. We have shown in Subsection 4.2 that transformation a2* can successfully be used toobtain a more efficient procedure count_a2/3. In order to appropriately alter P, removing theinefficient procedure count/2 and inserting the new, more efficient procedure count_a2/3, we wouldalso have to incorporate the following conversion clausecount(L,C):-count_a2(L,0,C).This conversion clause converts those queries previously answered via count/2 to queries nowanswered via count_a2/3. The new program P’ would thus becount(L,C):-count_a2(L,0,C).count_a2([],NAc,NAc).count_a2([X|Xs],TAc,C):-NAc is 1 + TAc,count_a2(Xs,NAc,C).This new program subsumes the original one: the answers to queries posed to the initial count/2procedure will still get the same answers, and additional queries to count_a2/3 procedure can nowbe posed. This newly obtained procedure can be further combined, as we shall see in the examplebelow.5.2Transforming Programs by Combining ProceduresAs shown in our example 1 above, consecutive subgoals within the body of a clause may alsoprovide a prospective opportunity for improvement of the performance of a program. In thiscase, a given program P has its conjunctions, i.e. sequences of more than one subgoal in the bodyof one of its clauses, analysed by checking them and their respective procedures against theschema patterns of our transformations. Both calling patterns and procedures are used in thisanalysis.The scenario for this analysis is a program P and one of its clauses C, of the formA :-

A0, B1, �, Bn ,

A1where Bj, j ‡ 1, are non-recursive subgoals, Bj being a call to procedure Pj � P, and

A0 and

A1 are(possibly empty) finite sequences of subgoals not relevant to the analysis. If there is a schema-based transformation T = Æ �G1,�,Gn�,�S1,�,Sn�,�H1,�,Hm�,�T1,�,Tm� æ and a substitution Q suchthat Gj Q = Bj and Sj Q = Pj, 1 £ j £ n, then a transformed clause C’ is obtained, of the formA :-

A0, B’1, �,B’m ,

A1where Hk Q = B’k, 1 £ k £ m. The transformed clause incorporates the changes suggested by thetransformation, invoking new procedures P’k, such that Tk Q = P’k, 1 £ k £ m. The new transformedprogram incorporating these suggestions can be obtained by replacing clause C by its transformed

12version C’ and inserting the new procedures P’k. This can be described by the following setoperationP’ = ( P — { C }) ¨ {C’} ¨ P’1 ¨ � ¨ P’mThe procedures Pj, 1 £ j £ n, previously employed by C are not altered since they may be used byother procedures and also because we are aiming at an extension of a program, which means thateverything provable in P, including queries to Pj, 1 £ j £ n, must also be provable in P’.5.3Program Transformation: OverviewThe specific manners of dealing with isolated procedures and conjunctions are put together in thesame framework to carry out opportunistic transformations in a given program. The followingsimple Prolog code describes the manner in which our system has been implemented:transform(P,FP):-transform_predicate(P,TP),transform(TP,FP).transform(P,FP):-transform_conjunction(P,TP),transform(TP,FP).transform(P,P).Initially, attempts are made at transforming isolated procedures: transform_predicate/2 transformsone isolated procedure, obtaining a new version which replaces the chosen procedure in theprogram P, together with its conversion clause. The newly obtained program TP is thenrecursively used in further transformations. The second clause, if successful, chooses andtransforms by means of transform_conjunction/2 a conjunction in P, inserting a new combinedprocedure and appropriately replacing the occurrences of the chosen conjunction. The newtransformed program TP is recursively used in other transformations. When there are no morepredicates or conjunctions to be transformed, then we can say that the program P has reached itsoptimal state with respect to the repertoire of transformations of our system and no moreimprovements can be done — the third clause caters for this possibility.The order of clauses in the Prolog code above is such that initially all isolated procedures will betested for prospective transformations. When there are no more procedures that can be isolatedlytransformed (transform_predicate/2 fails), then their combinations, stated in the conjunctions of theprogram, will be analysed for possible transformations using the method explained above. Theresulting program, after a new combined procedure is obtained and the conjunctions are altered,is tested again for any isolated predicate transformations. This process goes on until no moreprogram transformations can be applied.The ordering of our analysis, considering first isolated procedures and then their combinations, isbased on the sort of alterations recommended by each program transformation of our repertoire.Those changes in isolated procedures recommended by our transformations involve the reorderingof subgoals and the insertion of extra arguments: features like the relative ordering of argumentsand the patterns of recursive data structures are not altered and these play an important roleduring the combination of procedures. In some cases, as we shall see below, this ordering isimmaterial since the same final program (possibly with different names of predicates andvariables, but similar structure) can be reached in any event.Our method incorporates an efficiency-related improvement to the transformation process. Uponthe transformation of a conjunction, after the new procedures P’1 ¨ � ¨ P’m are inserted and C isreplaced by C’, the newly obtained program P’ is analysed and all further occurrences ofconjunctions B1, �,Bn in its clauses are appropriately replaced by B’1, �,B’m. More formally, eachconjunction D1, �,Dn in P’ such that there is a term substitution q unifying Di and Bi , that is, Diq =Bi, is replaced by B’1q, �, B’m q. This improvement avoids the matching of the procedures beinginvoked by each subgoal of the conjunction against the schemata of the program transformations.Additionally, whenever an isolated procedure P is transformed into a new procedure P’ ourmethod translates any other existing calls to the old procedure P in the new program P’ into

13appropriate calls to the new procedure P’. This allows further examinations and possibletransformations of the new procedure, without referring to conversion clauses, which wouldremain unchanged.The termination of the process above is only possible if the transformed program eventuallyconverges to a form in which no more transformations can be further applied to it. Thisconvergence depends on the nature of the syntactic alterations prescribed by the availabletransformations. Each schema-based transformation should be designed bearing in mind theiterative framework within which they will be employed. In our repertoire shown in Appendix B,isolated procedures are altered by changing the order or removing some of its subgoals, and carewas taken to ensure that each of them or their interaction would not lead to loops; conjunctionsare always replaced by other smaller conjunctions, guaranteeing an eventual convergence of theprogram to a form in which no other conjunction-altering transformations can be applied.Example 4: Let us consider again our example 1 and suppose we have only the transformationsa1* and a2* shown before. The transform/2 predicate would eventually supply us with thefollowing transformed (extended) program:sum(L,S):-sum_a2(L,0,S).count(L,C):-count_a2(L,0,C).p(L,S,C):- sum_a2_count_a2_a1(L,0,S,0,C).sum_a2([],NAc,NAc).sum_a2([X|Xs],TAc,Ac):-NAc is X + TAc,sum_a2(Xs,NAc,Ac).count_a2([],NAc,NAc).count_a2([X|Xs],TAc,Ac):-NAc is 1 + TAc,count_a2(Xs,NAc,Ac).sum_a2_count_a2_a1([],NAc1,NAc1,NAc2,NAc2).sum_a2_count_a2_a1([X|Xs],TAc1,Ac1,TAc2,Ac2):-NAc1 is X + TAc1,NAc2 is 1 + TAc2,sum_a2_count_a2_a1(Xs,NAc1,Ac1,NAc2,Ac2).The names of the variables have been appropriately changed so as to make the predicates easierto understand. This example is such that if only a1* and a2* are available then the ordering oftheir application is immaterial, for the same final program is eventually obtained, with differentpredicate and variable symbol names. In Figure 1 below we show the different paths throughwhich the same final program P9 would be obtained if different orderings of the application oftransformations were pursued. On the right-hand side we have listed the labels of the edgesconnecting the nodes in the diagram. These labels show the pair ÜP, TÝ with the chosen procedureor conjunction and the transformation employed. The predicate name, however, would bedifferent in each case, since the transformations compose the new name by using the originalpredicate symbol(s) of the conjunction and adding a suffix to it.This phenomenon does not always take place: it depends on the program and availabletransformations. One may conceive a program and a set of transformations such that the order oftheir application would play a significant role, some transformations altering the program in sucha way that the use of other transformations would be prevented. In the following section wedescribe our adopted approach to cope with this problem.

14PP1P4P5P45P2P6P767P3P881239 1. Üsum/2,a2Ý 2. Ücount/2,a2Ý 3. Ü[sum(L,S),count(L,C)],a1Ý 4. Ücount/2,a2Ý 5. Ü[sum_a2(L,0,S),count(L,C)],a1Ý 6. Ü[sum(L,S),count_a2(L,0,C)],a1Ý 7. Üsum/2,a2Ý 8. Üsum_count_a1/3,a2Ý 9. Ü[sum_a2(L,0,S),count_a2(L,0,C)],a1Ý10. Üsum_a2_count_a2/4,a2Ý11. Üsum_count_a2_a1/4,a2Ý12. Ü[sum_a2(L,0,S),count_a2(L,0,C)],a1Ý13. Üsum_count_a1_a2/4,a2Ý910111213

Figure 1: Different Orderings of the Transformations of P6Coping with More than one Applicable Transformation: HeuristicsFor a given predicate or conjunction there might be more than one applicable transformation atone time. In order to solve this problem, Fuchs and Fromherz [Fuchs & Fromherz 91] adopt theintervention of a human user who chooses one of the prospective transformations and has itapplied to the program. Since our system is aimed at analysing full programs and these can be ofany size, asking a human user for assistance may not be a practical thing to do. Fuchs andFromherz, however, suggest that some form of heuristic could be incorporated into eachtransformation and be used as a means to automatically select the best candidate from a set ofprospective schema-based program transformations. We have pursued this suggestion andincorporated simple heuristics to our enhanced schema-based program transformations.The enhanced schema language and the realistic context in which to use it are more importantthan the specific program transformations shown here: these should be seen as examples and arenot meant to be authoritative nor exhaustive. Following this line, we find of more importance notthe particular heuristics assigned to our transformations, but the rationale used to do so. In thissection we describe the method we used to assign heuristics to our program transformations: thepurpose of this method is to aid humans preparing their own program transformations.Our approach establishes that opportunities to apply program transformations are continuouslysought after. At one moment a given program may have more than one transformation applicableto one of its procedures or conjunctions Ð these transformations can be sequentially applied ifthey preserve the overall structure of the program, maintaining argument positions and theirrelative ordering, number of clauses, and so on. For instance, when the transformation systemattempts to obtain a tail-recursive version of the programsum_rev([],0,[]).sum_rev([X|Xs],S,Rs):-sum_rev(Xs,SXs,RXs),S is SXs + X,append(RXs,[X],Rs).it uses transformation p41 to address the arithmetic expression and transformation p43 to copewith the append/3 subgoal (both transformations are shown in Appendix B); thus obtaining thefollowing more efficient programsum_rev(L,S,RL):-sum_rev_p4_p4(L,0,S,[],RL).

15sum_rev_p4_p4([],S,S,Rs,Rs).sum_rev_p4_p4([X|Xs],Ac,S,TRs,Rs):-NAc is Ac + X,append([X],TRs,NTRs),sum_rev_p4_p4(Xs,NAc,S,NTRs,Rs).The ordering of the application of these program transformations is not important, since they donot interfere with each other: in fact they complement each other. In this example, the same finalprogram would be achieved in any event. Transformations aimed at procedure combinationsbehave similarly. The following predicate, for instance,sum_count_rev(L,S,C,RL):-sum(L,S),dcount(C,L),rev(L,RL).where rev/2 is defined asrev([],Rs).rev([X|Xs],Rs):-rev(Xs,RXs),append(RXs,[X],Rs).and sum/2 and dcount/2 are defined as in previous examples, would trigger transformation a1*twice, composing a procedure traversing a list only once while simultaneously summing andcounting its elements and preparing the reverse list. Each procedure sum/2, dcount/2 and rev/2would, in their turn, trigger isolated procedure transformations, the ordering of which is notrelevant, for the transformed program eventually converges to the same form, with possiblydifferent variable and predicate symbols.We suggest that transformations be assessed for their potential sequential use, maximising thenumber of transformations applicable to a given initial program. Our underlying assumption isthat the more transformations a program has applied to it, the more efficient it should become.The heuristics should allow the application of the largest number of transformations, delaying theuse of those transformations that would prevent others from being employed. This interference isdue to the extent and kind of the syntactic alterations performed by these transformationscausing substantial changes to a procedure and preventing it from matching the schemata of othertransformations. Heuristics should then be assigned to program transformations based on theirinterchangeability: the less dramatically a transformation alters a program, the best its heuristicshould be, since other subsequent transformations will not be prevented from being used. Wesuggest a set of guidelines to analyse the syntactic changes of programs transformations andestablish our heuristics:¥Isolated procedure transformations which only alter the internal parts of a procedure, bychanging the order of its subgoals (e.g. transf. p01, in Appendix B), replacing subgoals (e.g.transf. p21) or removing spurious explicit instantiations (e.g. transf. p31) should be the firsttransformations to be applied. Their syntactic changes are localised and do not impair anyfurther transformations in the resulting procedure.¥Isolated procedure transformations that insert extra arguments but maintain their relativeordering, as in the original procedure, and do not insert new clauses in the procedure norchange the ordering of the clauses should come next. The calls to the changed procedure areaccordingly adapted, with the original arguments in their relative ordering extended by theadditional inserted parameters: given that in our transformations only the relative ordering isused as a constraint, these changes do not prevent any further transformations from beingapplied.¥The program transformations which insert new clauses, remove arguments or alter the relativeargument ordering should be given the lowest marks since they may prevent furthertransformations from taking place.An interesting alternative to these heuristics is to enable our system to pursue all possibleorderings in the application of transformations and select the longest path among them. Anotheraltogether different approach would be to devise an evaluation function assessing the

16transformations carried out by judging the gain in efficiency in the resulting program. Such afunction would assign values to the resulting programs, allowing the comparison of alternativeoptions.7Conclusions and Directions of ResearchOur work extends previous research done by Fuchs and Fromherz [Fuchs & Fromherz 91] onusing program schemata to guide program transformation: a schema-based transformation is ageneric description of an improvement that can be done to a program. We have proposed asimple extension to the schema language of Gegg-Harrison [Gegg-Harrison 89; Gegg-Harrison 91]which allows arbitrary argument positions to be conveniently addressed: Gegg-Harrison’sschemata only represent the first arguments of a goal. This enhancement has been incorporated tothe schema-based program transformations of Fuchs and Fromherz thus allowing a larger class ofprograms to be addressed with the same schema-based transformation and be successfullytransformed.We have suggested a realistic context in which enhanced schema-based transformations can beused to perform actual program analysis. An opportunistic approach to program analysis andtransformation has been implemented by means of which a given Prolog program has itsconstructs checked against the repertoire of program transformations: these are applied as longas there are opportunities to do so. The repertoire of program transformations have a decisiveeffect on the termination of this process: their syntactic modifications should ensure that theresulting program differs substantially from its preceding versions so as not to trigger anysubsequence of those transformations applied so far. This constraint is, of course, added on tothose essential restrictions that program transformations should preserve the meaning (i.e. set oflogical consequences) and the termination status of the original program and confer to it a betterexecution performance.In this paper we have also discussed the computational costs of matching an enhanced programschema and an actual Prolog program — this can be stated as a polynomial equation involving thenumber of clauses and subgoals of both program and schema and the number of variables of theprogram and schema variables of the schema. Exponential combinations are avoided due to theschema language not allowing permutations of components to be expressed. Different orderingscan be achieved with different schemata, though.We have introduced some useful enhanced schema-based program transformations which, onceapplied to a program, guarantee an improvement in its performance. It must be pointed out thatour repertoire is by no means complete or exhaustive and providing such complete set oftransformations is not our intention. Our main contributions are a language with which one candefine program transformations and a context in which this should be used: these should be seenas tools that experienced programmers can use to devise their own strategies for programtransformation and to make them available to the users of their program transformation systems.We have additionally investigated the suggestion of Fuchs and Fromherz to associate heuristicswith each transformation and use it as a means to automatically select the best candidate from aset of prospective schema-based program transformations. Since our intention is to encourageprogrammers to devise their own schema-based transformations, we have suggested guidelines tohelp them establish their own heuristics. These guidelines aim at maximising the number oftransformations applicable to a given initial program, and their underlying assumption is that themore transformations a program has applied to it, the more efficient it should become.A prototypical implementation of our approach has been devised using LPA MacProlog32,reusing large adapted portions of the system by Fuchs and Fromherz. The available schema-based transformations are those shown in Appendix B. All those transformations available in thesystem of Fuchs and Fromherz can be translated into our proposed extended language in astraightforward way, or they can be extended to cover a larger number of constructs, for instance,

17generalising functors and constants, inserting schema variables, and so on. Our repertoire islimited to singly-recursive procedures with two clauses, but as mentioned before, other special-purpose or more sophisticated transformations can be further added on to it.In order to aid the preparation of schema-based program transformations, two useful extensionsto our research would be a more user-friendly visual representation for schemata and an editor,along the lines of the work described in [Vasconcelos 93], incorporating it. Schema variables andslots would be represented in a graphic form which would differentiate them from actual Prologconstructs. An initial attempt at such visual language representing schemata which associatesgraphic elements with the schema slots, thus improving the visualisation of the schema, isillustrated by the example in Figure 2 below, where the numbered squares and rectangles standfor schema variables and subgoal slots, respectively.S (

1 []#N

2):-Goals1

S (3[X|Xs]#N

4):-Goals2

S (5 Xs#N

6) ,Goals3

Figure 2: Graphic Representation of a List-Processing SchemaEnhanced schemata can also be used as templates to aid program construction. The programmingtechniques mentioned in our introductory section can be economically depicted by means of suchconstructs: schemata can be offered to users of techniques editors such as those described in[Bowles et al. 94] and [Robertson 91] and also be explicitly used to introduce programmingtechniques in Prolog courses. Programming techniques extracted from actual programs[Vasconcelos 94] can be conveniently represented as schemata and used in techniques editors.Non-syntactic additional constraints are sometimes necessary to properly describe a schema. It isnot possible with our enhanced schema language to specify that a certain variable should orshould not be found in a vector of goals or in a vector of arguments. Another interesting exampleof additional non-syntactic constraint is to state that a given vector of goals or arguments shouldor should not be empty. We suggest that a simple set-theoretical language be employed to copewith these issues, the schemata language being further augmented to accommodate it. Accordingto this suggestion, schemata would consist of a syntactic part followed by a sequence ofadditional constraints using this set-theoretical language. For instance, the following augmentedschema could be represented:

S(&11,[]#N,&12):- {goals11}S(&21,[X|Xs]#N,&22):- {goals21}, S(&23,Xs#N,&24), {goals22}

{goals21} „ ˘ � X ˇ {goals21} � &22 = ˘

The syntactic description of the procedure in the schema language remains unaltered, as shown inthe upper rectangle, but it is complemented by a list of non-syntactic constraints, which in theexample above consists of further specifying {goals21} as being a non-empty vector such thatthe variable symbol X is found in one of its subgoals and that the vector of arguments &22 is notempty.

18A useful alternative framework for program development would combine programmingtechniques and program transformations. The use of programming techniques may provide uswith programs whose individual procedures are optimally efficient but their overall behaviour (i.e.inter-procedural relationships) can be improved. Subsequent program transformations couldprovide us with the desired overall efficiency. For instance, procedures sum/2 and count/2 ofExample 1 could have been prepared by means of ready-made programming techniques, but theircombined use in procedure p/3 would still be an inefficient programming construct easilydetectable, as our example showed, by the program transformation system.Acknowledgements: Thanks are due to R. Schwitter and S. Simpson for proof-reading earlier versions ofthis paper and providing useful suggestions. The first author can also be reached atwamb@aisb.ed.ac.uk or wamb@fortal.uece.br.References[Bowles et al. 94] A. Bowles, D. Robertson, W. Vasconcelos, M. Vargas-Vera, D. Bental,Applying Prolog Programming Techniques, in: International Journal ofHuman-Computer Studies, Vol. 3, pp. 329—350, 1994.[Clocksin & Mellish 87] W. F. Clocksin, C. S. Mellish, Programming in Prolog (3rd Edition),Springer, 1987.[Deville 90]Y. Deville, Logic Programming: Systematic Program Development,Addison-Wesley Publishing Company, 1990.[Fuchs & Fromherz 91] N. E. Fuchs, M. P. J. Fromherz, Schema-Based Transformations of LogicPrograms, in: K.-K. Lau, T. Clement (Eds.), Proceedings of LOPSTR ’91,University of Manchester, 1991, Springer, 1992.[Gegg-Harrison 89] T. S. Gegg-Harrison, Basic Prolog Schemata, Report CS-1989-20,Department of Computer Science, Duke University, 1989.[Gegg-Harrison 91] T. S. Gegg-Harrison, Learning Prolog in a schema-based environment,Instructional Science, 20, pp. 173-192, 1991.[Kirschenbaum et al. 94] M. Kirschenbaum, S. Michaylov, L. Sterling, Skeletons and Techniquesas a Normative Approach to Program Development in Logic Languages,Report CES-94-08, Case Western Reserve University, 1994.[Lakhotia & Sterling 90]A. Lakhotia, L. Sterling, How to Control Unfolding when SpecialisingInterpreters, in: L. Sterling (Ed.), The Practice of Prolog, MIT Press, pp.171 ff., 1990.[Lloyd 93] J. W. Lloyd, Foundations of Logic Programming, Second Extended ed.,Springer, 1993.[Nielson & Nielson 90] H. R. Nielson, F. Nielson, Eureka Definitions for Free — DisagreementPoints for Fold/Unfold Transformations, Proceedings ESOP’90, LNCS 432,Springer-Verlag, 1990.[O’Keefe 90] R. A. O’Keefe, The Craft of Prolog, MIT Press, 1990.[Pereira & Shieber 87] F. C. N. Pereira, S. M. Shieber, Prolog and Natural Language Analysis,CSLI Lectures Notes 10, 1987.[Proietti & Pettorossi 90] M. Proietti, A. Pettorossi, Synthesis of Eureka Predicates for DevelopingLogic Programs, Proceedings ESOP’90, LNCS 432, Springer-Verlag, 1990.[Robertson 91] D. Robertson, A Simple Prolog Techniques Editor for Novice Users, in:Proceedings of 3rd Annual Conference on Logic Programming, Edinburgh,Scotland, 1991.[Ross 89] P. Ross, Advanced Prolog, Addison-Wesley, 1989.

19[Sterling & Kirschenbaum 91] L. Sterling, M. Kirschenbaum, Applying Techniques to Skeletons, ReportTR 91-179, Center for Automation and Intelligent Systems Research, CaseWestern Reserve University, 1991.[Sterling & Shapiro 94] L. Sterling, E. Y. Shapiro, The Art of Prolog, Advanced ProgrammingTechniques, Second Edition ed., MIT Press, 1994.[Tamaki & Sato 84] H. Tamaki, T. Sato, Unfold/Fold Transformation of Logic Programs,University of Uppsala, 1984.[Vasconcelos 93] W. W. Vasconcelos, Designing Prolog Programming Techniques, in:Proceedings of 3rd International Workshop on Logic Program Sythesisand Transformation (LoPSTr ’93), Louvain-La-Neuve, Belgium, Springer-Verlag, 1994.[Vasconcelos 94] W. W. Vasconcelos, Extracting Prolog Programming Techniques, in:Proceedings of 11th Brazilian Symposium on Artificial Intelligence,Fortaleza, Cear‡, Brazil, Also available as Research Paper 715,Department of Artificial Intelligence, University of Edinburgh,Scotland, UK, 1994.Appendix A: Syntax and Semantics of the Enhanced Schema LanguageIn this appendix we formally introduce the schema language to depict logic programs. Thislanguage is based on Gegg-Harrison’s schemata [Gegg-Harrison 89; Gegg-Harrison 91] extending itto represent any argument position; other enhancements have also been incorporated such assecond-order variables to generalise functors and arithmetic expressions. In order to describe ourschema language, we employ two kinds of fonts: the symbols in italics are meta-variables, i.e. theystand for generic constructs whose details are further explained; and the symbols in type-writer font are the actual constructs of our language. We shall use the sequence notation ÜC1,É, CnÝ to refer to collections of objects whose ordering is relevant: by doing so we avoidunimportant implementational details or unnecessary commitments to data structures. The emptysequence will be represented by ÒÜ ÝÓ and the operator ÒáÓ concatenates two sub-sequences.A.1Enhanced Schemata LanguageAn enhanced schema S is a sequence of schematic Horn clauses C1, É,Cn such that each Ci is of theform H :- G1, É,Gm. The components H, G1,É,Gm are the schematic atoms of Ci , H being itsschematic head and G1, É,Gm its schematic body.A schematic atom G is either¥a first-order schematic atom p(T1, É,Tn) where p is a predicate symbol and T1,É,Tn areschematic terms in their explicit argument position form. Predicate symbols are Prologatoms, that is, strings starting with non-capital letters, followed by any number of letters,digits and underscore symbols;¥a second-order schematic atom P(T1, É,Tn) where P is a (second-order) predicate variablesymbol and T1, É,Tn are schematic terms in their explicit argument position form. Predicatevariable symbols are represented exactly like Prolog variables, starting with an upper-caseletter followed by any number of letters, digits and underscore symbols;¥a vector of atoms of the form {goals} or {goals*} Ð only components of the schematicbody can be vectors of goals. In order to make a distinction between different vectors ofatoms within the same schematic clause, numbers can be added on to the goals andgoals* symbols.Additionally, a component G of the schematic body can be¥a truth value of the form true, or¥a schematic arithmetic expression of the form x#1 is ’F’(&n,y,&m)#2, or

20¥a schematic system test ’Tn’(T1, É,Tn) where n is an integer to differentiate distinctschematic tests within a schema and may not be used and T1,É,Tn are schematic terms intheir explicit argument position form.A schematic term T is recursively defined as either¥a Prolog atom;¥a Prolog variable, including anonymous variables denoted by the underscore symbol;¥a first-order schematic term f(T1, É,Tn) where p is a Prolog functor symbol, T1,É,Tn are alsoschematic terms;¥a schematic constant of the form ct(n), where n is a natural number;¥a second-order schematic term F(T1, É,Tn) where F is a (second-order) functor variablesymbol and T1, É,Tn are also schematic terms. Functor variable symbols are representedexactly like Prolog variables;¥ a vector of terms of the form &n, where n is a natural number.Some examples of schematic terms are [], [X|Xs], ct(1) and F(Y,&1,Ys). The explicitargument position form of a schematic term T, which is not a vector of terms, is T#V, where Vdenotes its position within an atom, and is either a Prolog variable, an integer or an underscore; avector of terms is already in its explicit argument position form. Some examples of schematicatoms with schematic terms in their explicit form are s u m ( c t ( 1 ) # 1 , c t ( 2 ) # 2 ) ,p(&1,[]#N,&2,B(X,&3,Xs)#M,&4) and q(&1). An example of a complete enhancedschema isP(&11,ct(1)#N,&12):-{goals11}P(&21,F(&22,Xs,&23)#N,&24):-{goals21}P(&27,Xs#N,&28),{goals22}A.2Explicit Argument Position Format of Logic ProgramsSince our schema language employ explicit argument positions in schematic atoms, the programsto be considered should also be in this format. A program P can be related to its explicit argumentposition form Pe in a simple way, formally depicted by the predicate exp below: exp(Ü Ý, Ü Ý) � exp(P, Pe) � P = �Ci, �, Cn� � Pe = �Cei, �, Cen� � expC(Ci, Cei) � exp(�Ci + 1, �, Cn�, �Cei + 1, �, Cen�)Each clause Ci is mapped onto its explicit argument position form Cei by the expC relationship,defined asexpC((H :- G1, �, Gn), (He :- Ge1, �, Gen)) � expG(H, He) � expB(�G1, �, Gn�, �Ge1, �, Gen�)that is, the head goal H is mapped onto its explicit argument position form He by means of theexpG relationship, explained below, and the body comprised of a non-empty sequence of subgoalsis mapped to its explicit argument position form by means of expB, also explained below.Predicate expG, relating a subgoal (first argument) to its explicit argument position form (secondargument), is defined asexpG(p(t1,� , tn), p(t1#1,� , tn#n)) � expG(true, true)the first element of the disjunction depicts the explicit argument position version of atoms: thepredicate symbol p remains unchanged and each of its terms ti is added a �#� followed by itsargument position i. The second element states that constants true are mapped onto themselves,i.e. the explicit argument position form of true is true itself. Finally, the relationship expB mapsthe body of a program to its explicit argument form, by relating each subgoal to its correspondingexplicit argument position form:

21expB(Ü Ý, Ü Ý) �expB(�Gi, �, Gn�, �Gei, �, Gen�) � expG(Gi, Gei) � expB(�Gi + 1, �, Gn�, �Gei + 1, �, Gen�)The exp relationship can be employed to obtain the explicit argument position format of aconventional logic program (P is supplied and Pe is obtained by exp), to obtain the conventionalform of a program in its explicit argument position form (Pe is supplied and P is obtained by exp)or to test if a conventional logic program and a program in explicit argument position form arerelated (both Pe and P are supplied).A.3Semantics: Schema SubstitutionsSchemata are abstract descriptions of actual Prolog programs. The semantics of a schema can begiven by listing each program it represents. This process can be infinite: simple variations of thesame program with different variable symbols are all part of it. A more practical and feasibleway to address the issue of meaning of a schema is to define a relation between it and candidateprograms.Given a schema and a program in the explicit argument position format, such that the schema is ageneric representation of the program or, conversely, the program is an instance of the schema,then a schema substitution Q, relating each schema symbol to a program construct can beobtained: when the schema symbols are replaced by their related program constructs the programis obtained. A schema substitution Q is a possibly empty set of pairs sS/sP where sS is a schemasymbol and sP a program construction: this relationship is subject to constraints, depending on thekind of schema symbol, i.e. if it is a predicate variable, an argument position, and so on, and onthe kind of program construction, i.e. if it is a predicate name, a constant, and so on. Theserelationships are stated below together with the formulation of a method to obtain a schemasubstitution unifying a schema and a program, if it exists.Let there be a schema S consisting of the sequence of clauses �CS1, �, CSn� and a program Pe in theexplicit argument position format, consisting of clauses �CP1, �, CPn�. We say that S and Pe areunifiable if there is a schema substitution Q associating each schema construct with parts of theprogram, such that if the parts of the program associated with the schema constructs are replacedin the schema then the program will be obtained. We define a relation unify between a schema anda program which holds if they are unifiable — this relation also obtains the schema substitution Q,and it is formalised asunify(S, Pe, Q) � unify(S, Pe, fl, Q)where the empty set stands for an auxiliary temporary schema substitution employed as the finalsubstitution Q is being prepared. The auxiliary unify relation is defined as followsunify(� �, � �, Q, Q) �unify(S, Pe, Q’, Q) �S = �CS1, �, CSn� � Pe = �CP1, �, CPn� � unifyC(CS1, CP1, Q’, Q’’) �unify(�CS2, �, CSn�, �CP2, �, CPn�, Q’’, Q)The first element of the disjunction describes the case when the schema and the program areempty sequences of clauses: in such circumstances the final schema substitution is equal to theauxiliary substitution. The second element of the disjunction describes the case when the schemaS and the program P are non-empty sequences of clauses with the same number of clauses: theclause CS1 of the schema must then satisfy the relation unifyC together with its correspondingclause CP1 of the program. The relation unifyC employs the auxiliary schema substitution Q’ inorder to obtain a new auxiliary substitution Q’’, used recursively to match the rest of the clauses.The relationship unifyC between two clauses is defined as follows:

22unifyC(CS,CP, Q’, Q) �CS = HS :- GS1, �, GSn � CP = HP :- GP1, �, GPm �unifyG(HS, HP, Q’, Q’’) �unifyB(�GS1, �, GSn�, �GP1, �, GPm�, HP, Q’’, Q)that is, two clauses CS and CP satisfy the relation unifyC, given an initial schema substitution Q’, iftheir head goals HS and HP satisfy the relation unifyG and their bodies satisfy the relation unifyB.We shall assume that a fact in program P will be represented as a clause with a true body.The body of a clause of the schema is related via unifyB to the body of the corresponding clause ofthe program: the schematic subgoals and the actual concrete constructions should matchappropriately. This relation is defined in a recursive fashion, in terms of the unification of theircorresponding subgoals:unifyB(� �, � �, HP, Q, Q) �unifyB(BS, BP, HP, Q’, Q) �BS = �GSi, �, GSn� � GSi „ {goalsn}� GSi „ {goals*n}BP = �GPj, �, GPm� �unifyG(GSi, GPj, Q’, Q’’) �unifyB(�GSi + 1, �, GSn�, �GPj + 1, �, GPm�, HP, Q’’, Q) �unifyB(BS, BP, HP, Q’, Q) �BS = �{goalsn}, GS2, �, GSn� �BP = BP1 Æ BP2 �non-recursive(BP1, HP) �unifyQ({goalsn}, BP1, Q’, Q’’) �unifyB(�GS2, �, GSn�, BP2, HP, Q’’, Q) �unifyB(BS, BP, HP, Q’, Q) �BS = �{goals*n}, GS2, �, GSn� �BP = BP1 Æ BP2 �unifyQ({goals*n}, BP1, Q’, Q’’) �unifyB(�GS2, �, GSn�, BP2, HP, Q’’, Q)The first element of the disjunction depicts the base case of the recursion, when empty sequencesof subgoals are eventually obtained. The second element of the disjunction depicts the unificationof a schematic atom GSi which is not a vector of atoms: it should unify with the correspondingsubgoal GPj of the program. Vectors of atoms deserve a special treatment because they unify withsubsequences of the program’s subgoals — the third and fourth cases of the disjunction cater forthis possibility. For both {goalsn} and {goals*n}, the sequence BP of subgoals of theprogram is split into two parts BP1 and BP2; for {goalsn}, BP1 is tested for recursive subgoals inpredicate non-recursive: recursive subgoals are not allowed in the unification of vectors of atoms{goalsn}, and this explains the presence of the head goal HP of the clause in the relation above.Vectors of atoms {goals*n} do not have any constraints as to what subgoals may be unifiedwith them, hence the absence of the non-recursive test.The unifyQ relation checks if there already is a binding between the schema constructs and partsof the program:unifyQ(TS, TP, Q, Q) � TS/T ˛ Q � T = TP �unifyQ(TS, TP, Q’, Q) � TS/T ˇ Q’ � (Q = Q’ ¨ {TS/TP})the first element of the definition above states that if the schema construct TS is already bound toa construct T in Q, then TS will only unify with TP if T is equivalent to TP; the second element ofthe definition states that if TS is not bound yet, then it unifies with TP and a new schemasubstitution Q is obtained by inserting the pair TS/TP to the old substitution Q’.The unification of schematic atoms and program subgoals is performed by the unifyG relation,addressing the different schematic constructs and relating them to actual parts of the program:

23unifyG(true, true, Q, Q) �unifyG(p(TS1, �, TSn), p(TP1, �, TPm), Q’, Q) � unifyT(�TS1, �, TSn�, �TP1, �, TPm�, Q’, Q) �unifyG(’Tn’(TS1, �, TSn), p(TP1, �, TPm), Q’, Q) � system-test(pm) �unifyQ(’Tn’, p, Q’, Q’’) �unifyT(�TS1, �, TSn�, �TP1, �, TPm�, Q’’, Q) �unifyG(x#1 is ’F’(&n,y,&m)#2, z#1 is f(g(t1, �, tk), w, h(s1, �, sl))#2, Q’, Q) �unifyQ(x, z, Q’, Q’’) �unifyQ(&n, g(t1, �, tk), Q’’, Q3) �unifyQ(y, w, Q3, Q4) �unifyQ(&m, h(s1, �, sl), Q4, Q) �unifyG(P(TS1, �, TSn), p(TP1, �, TPm), Q’, Q) � unifyQ(P, p, Q’, Q’’) � unifyT(�TS1, �, TSn�, �TP1, �, TPm�, Q’’, Q)The first element of the disjunction states that a truth value only unifies with another similar truthvalue; the second element states that a first-order schematic atom unifies with a subgoal if theyhave the same predicate symbol p and their terms satisfy the relation unifyT described below; thethird element of the disjunction states that schema constructs employing ’Tn’ predicate symbolsunify with system test predicates pm (ground/1, var/1, number/1, >, <, and so on) if their termssatisfy the relation unifyT; the fourth element depicts the unification between the schematicrepresentation of arithmetic expressions and a concrete program construction employing the isProlog predicate; the fifth element of the disjunction states that a second-order schematic atomunifies with a subgoal if the second-order predicate variable P of the schematic construct and thepredicate symbol p of the subgoal satisfy the unifyQ relation and their terms satisfy the relationunifyT.The unifyT relation recursively applies the unifyterms predicate to pairs of corresponding schematicterms and concrete program constructions:unifyT(� �, � �, Q, Q) �unifyT(�&n, TSi, �, TSn�, T, Q’, Q) � T = T1 Æ T2 � unifyQ(&n, T1, Q’, Q’’) �unifyT(�TSi, �, TSn�, T2, Q’’, Q) �unifyT(�TS, TSi, �, TSn�, �TP, TPj, �, TPm�, Q’, Q) �unifyterms(TS, TP, Q’, Q’’) �unifyT(�TSi, �, TSn�, �TPj, �, TPm�, Q’’, Q)The vectors of terms &n deserve special care, being unified with a subsequence T1 of the sequenceT of program terms, as depicted in the second element of the disjunction above. The pairs ofschematic and concrete terms are related by unifyterms as follows:unifyterms(TS#t, TP#n, Q’, Q) � unifyQ(t, n, Q’, Q’’) � unifyterms(TS, TP, Q’’, Q) �unifyterms(c, c, Q, Q) �unifyterms(x, T, Q’, Q) � unifyQ(x, T, Q’, Q) �unifyterms(ct(n), c, Q’, Q) � unifyQ(ct(n), c, Q’, Q) �unifyterms(f(SS1, �, SSr), f(SP1, �, SPv), Q’, Q) �unifyT(�SS1, �, SSr�, �SP1, �, SPv�, Q’, Q) �unifyterms(F(SS1, �, SSr), f(SP1, �, SPv), Q’, Q) �unifyQ(F, f, Q’, Q’’) �unifyT(�SS1, �, SSr�, �SP1, �, SPv�, Q’, Q)The symbol c stands for a generic Prolog atom, x and y are generic Prolog variables and n is aninteger.

24Appendix B: Selected Schema-Based Program TransformationsIn this section we list some selected schema-based program transformations offered by oursystem. We have only addressed those procedures with two clauses, for the sake of simplicity.The transformations are given their names according to their targeted constructs, i.e. if they arepredicate- or conjunction-altering. In the former case, the transformation start with a "p"; in thelatter, it starts with a "c". The number as the first argument is the heuristic value assigned to thetransformation. The empty set as a conjunction informs our system that the alterations prescribedby that transformation are confined to the procedure and no external adaptations (e.g. changingthe order of parameters, inserting new arguments, and so on) have to be performed.The first two transformations p01 and p02 change the order of a test predicate. Since ourschema language does not support the representation of permutations, a transformation isdevised for each focused clause. Transformation p01 focuses on the first clause: Æ 100, p01, ˘, � S(&11):- {goals*11}, P(&12,X#N,&13), {goals*12}, Q(&14), {goals*13}, ’T’(&15,X#_,&16), {goals*14}S(&21):- {goals*21} �, ˘, � S(&11):- {goals*11}, P(&12,X#N,&13), {goals*12}, ’T’(&15,X#_,&16), Q(&14), {goals*13}, {goals*14}S(&21):- {goals*21} � æTransformation p02 focuses on the second clause, performing similar changes: Æ 100, p02, ˘, � S(&11):- {goals*11}S(&21):- {goals*21}, P(&22,X#N,&23), {goals*22}, Q(&24), {goals*23}, ’T’(&25,X#_,&26), {goals*24} �, ˘, � S(&11):- {goals*11}S(&21):- {goals*21}, P(&22,X#N,&23), {goals*22}, ’T’(&25,X#_,&26), Q(&24), {goals*23}, {goals*24} � æTransformations p11 and p12 below change the ordering of an explicit instantiation, transferringit to a point before a subgoal. This simple alteration may save much computing time byconstraining the execution of procedure P. Transformation p11 focuses on the first clause: Æ 100, p11, ˘, � S(&11):- {goals*11}, P(&12,X#_,&13), {goals*12}, X#1 = G(&14)#2, {goals*13}S(&21):- {goals*21} �, ˘, � S(&11):- {goals*11}, X#1 = G(&14)#2, P(&12,X#_,&13), {goals*12}, {goals*13}S(&21):- {goals*21} � æTransformation p12 focuses on the second clause: Æ 100, p12, ˘, � S(&11):- {goals*11}S(&21):- {goals*21}, P(&22,X#_,&23), {goals*22}, X#1 = G(&24)#2, {goals*23} �, ˘, � S(&11):- {goals*11}S(&21):- {goals*21}, X#1 = G(&24)#2, P(&22,X#_,&23), {goals*22}, {goals*23} � æ

25Transformations p21 and p22 below remove spurious calls to the append/3 predicate, if the firstargument is a singleton list [X]. Transformation p21 prescribes the appropriate alterations whenthe focus of the analysis is the first clause: Æ 100, p21, ˘, � S(&11):- {goals*11}, append([X]#1,Y#2,Z#3), {goals*12}S(&21):- {goals*21} �, ˘, � S(&11):- {goals*11}, Z#1 = [X|Y]#2, {goals*12}S(&21):- {goals*21} � æTransformation p22 addresses the second clause: Æ 100, p22, ˘, � S(&11):- {goals*11}S(&21):- {goals*21}, append([X]#1,Y#2,Z#3), {goals*22} �, ˘, � S(&11):- {goals*11}S(&21):- {goals*21}, Z#1 = [X|Y]#2, {goals*22} � æTransformations p31 and p32 remove explicit instantiations by unifying them and propagating theunification throughout the clause. When the focus of the analysis is the first clause, thentransformation p31 should be used: Æ 100, p31, ˘, � S(&11):- {goals*11}, X#1 = G(&12)#2, {goals*12}S(&21):- {goals*21} �, ˘, � S(&11):- unify(X,G(&12)), {goals*11}, {goals*12}),S(&21):- {goals*21} � æWhen the focus of the analysis is the second clause, then transformation p32 should be used: Æ 100, p32, ˘, � S(&11):- {goals*11}S(&21):- {goals*21}, X#1 = G(&22)#2, {goals*22} �, ˘, � S(&11):- {goals*11}S(&21):- unify(X,G(&22)), {goals*21}, {goals*22} � æTransformations p41 and p42 below insert an accumulator pair in a procedure performing a non-tail recursive arithmetic computation, thus making the procedure iterative. A generic descriptionof a singly-recursive data-structure has been employed, thus conveying more expressiveness to thetransformation. Different transformations had to be provided, though, to address alternativerelative orderings of argument positions. Transformation p41 describes procedures in which thedata structure is to the left of the argument the arithmetic computation is assigned to: Æ 20, p41, � S(&1,L#N,&2,R#M,&3)�, � S(&11,ct(1)#N,&12,ct(2)#M,&13):- {goals11}S(&21,G(X,Xs)#N,&22,Res#M,&23):- {goals21}, S(&24,Xs#N,&25,XsRes#M,&26), {goals22}, Res#1 is ’F’(&27,XsRes,&28)#2, {goals23} �,� S_p4(&1,L#N,&2,ct(2)#_,R#_,&3)�, � S_p4(&11,ct(1)#N,&12,FAc#_,FAc#_,&13):- {goals11}S_p4(&21,G(X,Xs)#N,&22,TAc#_,Ac#_,&23):- {goals21}, NAc#1 is ’F’(&27,TAc,&28)#2, S_p4(&24,Xs#N,&25,NAc#_,Ac#_,&26), {goals22}, {goals23} � æ

26Transformation p42 describes procedures in which the data structure is to the right of theargument the arithmetic computation is assigned to: Æ 20, p42, � S(&1,R#M,&2,L#N,&3)�, � S(&11,ct(1)#M,&12,ct(2)#N,&13):- {goals11}S(&21,Res#M,&22,G(X,Xs)#N,&23):- {goals21}, S(&24,XsRes#M,&25,Xs#N,&26), {goals22}, Res#1 is ’F’(&27,XsRes,&28)#2, {goals23} �,� S_p4(&1,ct(1)#_,R#_,&2,L#_,&3)�, � S_p4(&11,FAc#_,FAc#_,&12,ct(2)#_,&13):- {goals11}S_p4(&21,TAc#_,Ac#_,&22,G(X,Xs)#_,&23):- {goals21}, NAc#1 is ’F’(&27,TAc,&28)#2, S_p4(&24,NAc#_,Ac#_,&25,Xs#_,&26), {goals22}, {goals23} � æTransformations p43 and p44 are similar to the preceding pair of transformations, but in thiscase computations employing append/3 are addressed. Transformation p43 describes proceduresin which the data structure is to the left of the argument the append computation is assigned to: Æ 20, p43, � S(&1,L#N,&2,R#M,&3)�, � S(&11,ct(1)#N,&12,ct(2)#M,&13):- {goals11}S(&21,G(X,Xs)#N,&22,Res#M,&23):- {goals21}, S(&24,Xs#N,&25,XsRes#M,&26), {goals22}, append(XsRes#1,V#2,Res#3), {goals23} �,� S_p4(&1,L#N,&2,ct(2)#_,R#_,&3)�, � S_p4(&11,ct(1)#N,&12,FAc#_,FAc#_,&13):- {goals11}S_p4(&21,G(X,Xs)#N,&22,TAc#_,Ac#_,&23):- {goals21}, append(V#1,TAc#2,NAc#3), S_p4(&24,Xs#N,&25,NAc#_,Ac#_,&26), {goals22}, {goals23} � æTransformation p44 describes procedures in which the data structure is to the right of theargument the append computation is assigned to: Æ 20, p44, � S(&1,R#M,&2,L#N,&3)�, � S(&11,ct(1)#M,&12,ct(2)#N,&13):- {goals11}S(&21,Res#M,&22,G(X,Xs)#N,&23):- {goals21}, S(&24,XsRes#M,&25,Xs#N,&26), {goals22}, append(XsRes#1,V#2,Res#3), {goals23} �,� S_p4(&1,ct(1)#_,R#_,&2,L#_,&3)�, � S_p4(&11,FAc#_,FAc#_,&12,ct(2)#_,&13):- {goals11}S_p4(&21,TAc#_,Ac#_,&22,G(X,Xs)#_,&23):- {goals21}, append(V#1,TAc#2,NAc#3), S_p4(&24,NAc#_,Ac#_,&25,Xs#_,&26), {goals22}, {goals23} � æ

27Below we have the first transformation c1 aimed at conjunctions: it merges two proceduresmanipulating the same singly-recursive data structure. The generic representation for the datastructure ensures that c1 will be applied to any singly-recursive data structure with two clauses: Æ 30, c1, � S1(&1,L#N,&2), S2(&3,L#M,&4)�,� S1(&111,ct(1)#N,&112):- {goals111}S1(&121,G(X,Xs)#N,&122):- {goals121}, S1(&123,Xs#N,&124), {goals122} , S2(&211,ct(1)#M,&212):- {goals211}S2(&221,G(Y,Ys)#M,&222):- {goals221}, S2(&223,Ys#M,&224), {goals222} �,� S1_S2_c1(&1,&3,L#_,&2,&4)�, � S1_S2_c1(&111,&211,ct(1)#_,&112,&212):- {goals111}, {goals211}S1_S2_c1(&121,&221,G(X,Xs)#_,&122,&222):- {goals121}, {goals221}, S1_S2_c1(&123,&223,Xs#_,&124,&224), {goals122}, {goals222} � æTransformation c2 merges two data-structure manipulating procedures, inserting an extra clausein order to address the different possibilities of recursions: Æ 10, c2, � S1(&1,V1#N1,&2,V2#N2,&3,V3#N3,&4),S2(&5,V3#M,&6)�,� S1(&111,ct(1)#N1,&112,W1#N2,&113,W1#N3,&114):- {goals111}S1(&121,G(X,Xs)#N1,&122,W2#N2,&123,G(X,Ys)#N3,&124):- {goals121}, S1(&125,Xs#N1,&126,W2#N2,&127,Ys#N3,&128), {goals122} , S2(&211,ct(1)#M,&212):- {goals211}S2(&221,G(X,Xs)#M,&222):- {goals221}, S2(&223,Xs#M,&224), {goals222} �, � S1_S2_c2(&1,V1#_,&2,V2#_,&3,V3#_,&4,&5,&6)�, � S1_S2_c2(&111,ct(1)#_,&112,ct(1)#_,&113,ct(1)#_,&114,&211,&212):- {goals111}, {goals211}S1_S2_c2(&111,ct(1)#_,&112,G(X,Xs)#_,&113,G(X,Xs)#_,&114,&221,&222):- {goals111}, {goals221}, S1_S2_c2(&111,ct(1)#_,&112,Xs#_,&113,Xs#_,&114,&223,&224), {goals222}S1_S2_c2(&121,G(X,Xs)#_,&122,W2#_,&123,G(X,Ys)#_,&124,&221,&222):- {goals121}, {goals221}, S1_S2_c2(&125,Xs#_,&126,W2#_,&127,Ys#_,&128,&223,&224), {goals122}, {goals222} � æAn interesting example of the application of this transformation is given below. The originalprogram issum([],0).sum([X|Xs],S):-sum(Xs,SXs),S is SXs + X.append([],L,L).append([X|Xs],L,[X|Ys]):-append(Xs,L,Ys).p(L1,L2,L3,S):-append(L1,L2,L3),sum(L3,S).

28The resulting program, after the appropriate application of the transformation, is:sum([],0).sum([X|Xs],S):-sum(Xs,SXs),S is SXs + X.append([],L,L).append([X|Xs],L,[X|Ys]):-append(Xs,L,Ys).p(L1,L2,L3,S):-append_sum_c2(L1,L2,L3,S).append_sum_c2([],[],[],0).append_sum_c2([],[X|Xs],[X|Xs],S):-append_sum_c2([],Xs,Xs,SXs),S is SXs + X.append_sum_c2([X|Xs],L,[X|Ys],S):-append_sum_c2(Xs,L,Ys,SXs),S is SXs + X.