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‘ Prehminaries — SGtS (Menge)

= A setis a group of objects;
= Objects in a set are called elements or members;

= One way of describing a set is by listing its elements inside braces.

For example: {7,14,21,28}; finite set
set of natural numbers: N ={0,1,2,...}; infinite set
set of integer numbers: Z ={...,-2,-1,0,1, 2, ...}; infinite set

= The set with O elements is the empty set, denoted by @.

= Set membership is denoted by the symbol: € .
For example: 7 € {7,14,21,28},

= Set nonmembership is denoted by the symbol: ¢ .
For example: 8 & {7,14,21,28}.




Preliminaries — Operation on Sets

Given two sets A and B.

A is a subset (Teiimenge) of B, written ACB, if:
every member of A is also an element of B.

Thus, AcB is logically equivalentto [ x:: x € A = x € B.

A is a proper subset of B, written A& B, if:
A is a subset of B and not equal to B.

Thus, A& B is logically equivalent to ACB [ A#B.

The union of A and B is the set ALIB obtained by combining all elements of A and B;
The intersection of A and B is the set AnB of elements that are both in A and B;
The complement of A is the set A of all elements that are not in A;

The Cartesian product (karthesischen Produkt) Of A and B is the set A x B of all pairs (a,b)
such that acA and beB.

One may write: AxB={(a,b) | acA and beB }



Relati O ﬂ S (Relationen)

Given the sets A, A,, ..., A

o
An n-ary relation R is a subset of the Cartesian product A; X A, X ...X A;;:

o
RC A XA, X .. XA,

A binary relation R is a subset of the Cartesian product A; X A,:
RC A XA,

Note: Binary relation is also called a 2-ary relation.

For (a,b)eR one also writes aRb.

Note: The statement aRb means that aRb is True.

If A;=A, we say that R is a relation over A;.



‘ Relations - Example

Scissor _
beats Scissors-Paper-Stone game:
Papg, -Two players simultaneously select a member from the
- M set {Scissor, Paper, Stone};
—|Fa .
f Per - If selections are the same, the game starts over;
e\ / Y€ats _ . : ,
o™ N % Ston - If selection differ, one player wins according to the
e e

picture.
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Relation: beats ¢ {Scissor, Paper, Stone} x {Scissor, Paper, Stone}

beats Scissor  Paper Stone
Scissor | False True False
Paper False False True

Stone True False False

beats ={(Scissor, Paper), (Paper, Stone), (Stone, Scissor)}



Binary Relations - Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).

= R is reflexive if for every xeA it holds that xRx.
[IX: X €A XRX

That is, every element x of A is in relation R with itself.

Examples:
=, 2 are ??7? binary relations over natural numbers;
> |s ?7?7? binary relation over natural numbers;

Relation beats from the Scissor-Paper-Stone game is ???




Binary Relations — Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).

= R is reflexive if for every xeA it holds that xRx.
[IX: X €A XRX

That is, every element x of A is in relation R with itself.

Examples:
=, 2 are reflexive binary relations over natural numbers;
> |s not a reflexive binary relation over natural numbers;

Relation beats from the Scissor-Paper-Stone game is not reflexive.




Binary Relations — Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).

= R is reflexive if for every xeA it holds that xRx.
[IX: X €A: XRX

That is, every element x of A is in relation R with itself.

= R is symmetric if for every x,yeA it holds that if xRy then yRXx.
[IX,y: X,y €A XRy = yRX
Examples:
=is ?7?7? binary relations over natural numbers;
> 2 are ??? binary relations over natural numbers;

Relation beats from the Scissor-Paper-Stone game is ???.




Binary Relations — Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).

= R is reflexive if for every xeA it holds that xRx.
[IX: X €A: XRX

That is, every element x of A is in relation R with itself.

= R is symmetric if for every x,yeA it holds that if xRy then yRXx.
[IX,y: X,y €A XRy = yRX
Examples:
= Is a symmetric binary relations over natural numbers;
>, 2 are not symmetric binary relations over natural numbers;

Relation beats from the Scissor-Paper-Stone game is not symmetric




Binary Relations — Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).

= R is reflexive if for every xeA it holds that xRx.
[IX: X €A XRX

That is, every element x of A is in relation R with itself.

= R is symmetric if for every x,yeA it holds that if xRy then yRXx.
[IX,y: X,y €A XRy = yRX
= R s transitive If for every x,y,zeA it holds that if xRy and yRz
then xRz.
[IX,y,z: x,y,z €A: (XRy yRz) > xRz
Examples:

=is  ??? binary relations over natural numbers;

> > are 27?7 relations over natural numbers;:

Relation beats from the Scissor-Paper-Stone game is ???



Binary Relations — Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).

= R is reflexive if for every xeA it holds that xRx.
[IX: X €A: XRX

That is, every element x of A is in relation R with itself.

= R is symmetric if for every x,yeA it holds that if xRy then yRXx.
[IX,y: X,y €A XRy = yRX
= R s transitive If for every x,y,zeA it holds that if xRy and yRz
then xRz.
[IX,y,z: x,y,z €A: (XRy yRz) > xRz
Examples:

= Is a transitive binary relations over natural numbers;

>, 2 are transitive binary relation over natural numbers;

Relation beats from the Scissor-Paper-Stone game is not transitive.



Binary Relations — Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).

R Is reflexive if for every xeA it holds that xRx.
LIX: X €A XRX

That is, every element x of A is in relation R with itself.

R Is symmetric If for every x,yeA it holds that if xRy then yRXx.
LIX,y: X,y €A: XRy = YRX

R is transitive if for every x,y,z€A it holds that if xRy and yRz
then xRz.

[Ix,y,z: X,y,z €eA: (XRy UyRz) = xRz

R Is an equivalence relation if it is reflexive, symmetric and
transitive.



Binary Relations — Properties

Let A be a set and R a binary relation over A (thatis R c Ax A).
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Binary Relations

Let A be a set and RC A X A an equivalence relation.

The set of all elements y such that xRy
- Is called the equivalence class of x,
- and is denoted by [X].

[Xle= {y | xRy}

denotes “the set of all y such that xRy”.



Binary Relations

Let A be a set and RC A X A an equivalence relation.

The set of all elements y such that xRy
- Is called the equivalence class of x,
- and is denoted by [X].

[Xle= {y | xRy}

denotes “the set of all y such that xRy”.



Binary Relations — Example

Consider the relation = over the integer numbers Z defined as
=] ifand only if i-jis a multiple of 5. (where i,je Z)

Is = an equivalence relation?

If so, what is [1]55?



Binary Relations

Let A={a,b,c,d} be a set and RcC A x A the relation below:
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R with “1 jump”:




Binary Relations

Let A={a,b,c,d} be a set and RC A x A the relation below:
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Binary Relations

Let A={a,b,c,d} be a set and RC A x A the relation below:
R R R

§ ¥ o e

a b C d
R R R
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R with “2 jumps”, “3 jumps’, ...:

R with “1 jump”:



Biﬂafy Relati()ﬂs — Transitive Closure/Hull (Transitive Hille)

R! is the transitive closure of R:

R with “1 jump”: R R R'

§ % u e
a\ b
\KW

R with “2 jumps”, “3 jumps”, ...:

g .

R R'
{

R



Biﬂafy Relati()ﬂs — Transitive Closure/Hull (rransitive Hiille)

Let A be a set and RcC A x A a transitive relation.

The transitive closure of R is (the smallest) relation R! such that
- R! contains R: Rc RY;

- it extends R by all those other (indirect) relations among
elements that can be obtained using the transitivity of R.



Biﬂafy Relati()ﬂs — Transitive Closure/Hull (rransitive Hiille)

Let A be a set and RcC A x A a transitive relation.

The transitive closure of R is (the smallest) relation R! such that
- R! contains R: Rc RY;

- it extends R by all those other (indirect) relations among
elements that can be obtained using the transitivity of R.

Computing Rt:
RI=R;
R =R" O{(a,b)| k: (ac)e R O(c,b) € R}, foreveryi>1.

Ri=0.,R=RIOR20OR30O ...



Binary Relations — Properties
Let Abeasetand R c A X A.

= Risirreflexive if for every xeA it holds = (XRXx).
[Ix: x €A: = (XRX)

That is, no element x of A is in relation R with itself.
Examples:

> is 7?7

Relation beats from the Scissor-Paper-Stone game is ???




Binary Relations — Properties
Let Abeasetand R c A X A.

= Risirreflexive if for every xeA it holds = (XRXx).
[Ix: x €A: = (XRX)

That is, no element x of A is in relation R with itself.
Examples:

> |s irreflexive;

Relation beats from the Scissor-Paper-Stone game is irreflexive.




Binary Relations — Properties
Let Abeasetand R c A X A.

R is irreflexive If for every xeA it holds - (XRXx).
[Ix: X €A: = (XRX)

That is, no element x of A is in relation R with itself.

R Is antisymmetric if for every x,yeA it holds that if xRy and yRx
then x and y are the same.

[Ix,y: X,y €A: (XRy OyRXx) = x=y
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R is asymmetric if for every x,yeA it holds that if xRy then = (yRX).
[IX,y: X,y €A: XRy = = (YRX)

That is, xRy and yRx cannot hold at the same time.



Binary Relations — Properties
Let Abeasetand R c A X A.

R is irreflexive If for every xeA it holds - (XRXx).
[Ix: X €A: = (XRX)

That is, no element x of A is in relation R with itself.

R Is antisymmetric if for every x,yeA it holds that if xRy and yRx
then x and y are the same.

[Ix,y: X,y €A: (XRy OyRXx) = x=y

R is asymmetric if for every x,yeA it holds that if xRy then = (yRX).
[IX,y: X,y €A: XRy = = (YRX)

That is, xRy and yRx cannot hold at the same time.



Binary Relations — Properties
Let Abeasetand R c A X A.

R is irreflexive If for every xeA it holds - (XRXx).
[Ix: X €A: = (XRX)

That is, no element x of A is in relation R with itself.

R Is antisymmetric if for every x,yeA it holds that if xRy and yRx
then x and y are the same.

[Ix,y: X,y €A: (XRy OyRXx) = x=y

R is asymmetric if for every x,yeA it holds that if xRy then = (yRX).
[IX,y: X,y €A: XRy = = (YRX)

That is, xRy and yRx cannot hold at the same time.

R Is asymmetric if and only if R is antisymmetric and irreflexive.



Binary Relations — Properties
Let Abeasetand R c A X A.

= R is non-symmetric (unsymmetrisch) If it IS not symmetric.
[Ix,y: X,y €A: (XRy) - (yRX)

= R is a total relation if for every x,yeA either xRy or yRx holds.
LIX,y: X,y €A: XRy LyRX

That is, R is defined on the entire A.
Note: Total relations are reflexive.

Examples:

Are 2, =, beats total?




Binary Relations — Properties
Let Abeasetand R c A X A.

= R is non-symmetric unsymmetrisch) if it IS not symmetric.
[IX,y: X,y €A: (XRy) - (yRX)

= R is atotal relation if for every x,yeA either xRy or yRx holds.
[IX,y: X,y €A: XRy L1 yRX

That is, R is defined on the entire A.
Note: Total relations are reflexive.

Examples:

> |s total; =, beats are not total.




Binary Relations — Properties
Let Abeasetand R c A X A.

= R s acyclic (azykiisch) If there is no x4, X, ...,X,€A such that
X{RX, U X,Rx5 U ... U x4Rx, UUx,Rx; holds.

[IN: NeN:

(—. (EXqy Xoy vy Xt Xq, Xpy <Xy €A X RX, O XRX, UL O X, RX, OX,RX,) )

Note: Acyclic relations are irreflexive.

Example: > is acyclic.




Binary Relations — Properties
Let Abeasetand R c A X A.

= R s called a partial order (Halbordung, partiale Ordung) If
o Ris reflexive;
o Ris transitive;
o R is antisymmetric.

Example: = is a partial order over N.
Division / is a partial order over N.
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= R s called a partial order (Halbordung, partiale Ordung) If
o Ris reflexive;
o Ris transitive;
o R is antisymmetric.

Example: = is a partial order over N.
Division / is a partial order over N.

= R s called a total order or a linear order (ineareftotale Ordnung) If
o Ris a partial order;

o R s a total relation.

Example: = is a total order over N.
Division / is not a total order over N.




Binary Relations — Properties
Let Abeasetand R c A X A.

= R s called a partial order (Halbordung, partiale Ordung) If
o Ris reflexive;
o Ris transitive;
o R is antisymmetric.

Example: = is a partial order over N.
Division / is a partial order over N.

= R s called a total order or a linear order (ineareftotale Ordnung) If

o Ris a partial order;
o Ris a total relation.

Example: = is a total order over N.
Division / is not a total order over N.

= R s called a strict partial order (strenge Halbordnung) if
o Risirreflexive;
o Ris transitive.

Example: > is a strict partial order over N.



Binary Relations — Properties

Let A be asetand R c A x A a partial order.

= An element yeA is an upper bound of a set XcCA if:
o XRy for every xeX.




Binary Relations — Properties

Let A be asetand R c A x A a partial order.

An element yeA is an upper bound of a set XcCA if:
o XRy for every xeX.

An element yeA is a least upper bound of a set XCA if:
o Yy is an upper bound of X;
o YRy’ for all upper bounds y’ of X.

Note: By antisymmetry, if y and y’ are least upper bounds, then y=y’.
Hence, X has a unique least upper bound y, and we write y=lub(X).



